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ABSTRACT 
The hyperbola represented by the binary quadratic equation 4083 22  yx  is analyzed for finding its non-

zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, knowing an integral 

solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. 
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1. NOTATION 

 
  








 


2

21
1,

mn
nt nm -Polygonal number of  rank n with sides m 

 

2. INTRODUCTION 

  

The binary quadratic Diophantine equations of the form 

 0,,,22  NbaNbyax  are rich in variety and have been analyzed by many 

mathematicians for their respective integer solutions for particular values of ba,

and N . In this context, one may refer [1-13]. 
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  This communication concerns with the problem of obtaining non-zero 

distinct integer solutions to the binary quadratic equation given by 4083 22  yx   

representing hyperbola. A few interesting relations among its solutions are 

presented. Knowing an integral solution of the given hyperbola, integer solutions 

for other choices of hyperbolas and parabolas are presented.  

3. METHOD OF ANALYSIS 

   The binary quadratic equation representing hyperbola is given by 

4083 22  yx           (1) 

Taking TXx 8 , TXy 3         (2) 

in (1), it simplifies to the equation 

824 22  TX           (3) 

The smallest positive integer solution ),( 00 XT of (3) is 

4,1 00  XT  

To obtain, the other solutions of (3), consider the pellian equation 

124 22  TX           (4) 

whose smallest positive integer solution is 

 5
~

,1
~

00  XT  

The general solution )
~

,
~

( nn XT of (4) is given by 

  ....2,1,0,245
~

24
~ 1




nTX
n

nn        (5) 
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Since, irrational roots occur in pairs, we have1  

  ....2,1,0,245
~

24
~ 1




nTX
n

nn        (6) 

From (5) and (6), solving for nn TX
~

,
~

,we have 

    n

nn

n fX
2

1
245245

2

1~ 11






 



 

    n

nn

n gT
242

1
245245

242

1~ 11






 



 

Applying Brahmagupta lemma between the solutions ),( 00 XT  and )
~

,
~

( nn XT , the 

general solution ),( 11  nn XT of (3) is found to be 

nnn XTTXT
~~

001   

nnn TTXXX
~

24
~

001   

nnn fgT
2

1

24

2
1  

         (7) 

nnn gfX
2

24
21            (8) 

Using (7) and (8) in (2) we have 

nnnnn gfTXx
24

28
68 111  

        (9) 

nnnnn gfTXy
24

18

2

7
3 111  

        (10) 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). 

A few numerical examples are given in the following table 1 
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Table 1: Examples 

    n      1nx     1ny  

   -1      12      7 

    0     116     71 

    1    1148    703 

    2   11364   6959 

 

 In the above table x - values are even and y - values are odd 

Recurrence relations for x and y are: 

.....1,0,1,010 123   nxxx nnn   

 .....1,0,1,010 123   nyyy nnn  

A few interesting relations among the solutions are given below: 

1. 058 211   nnn xxy  

2. 04958 213   nnn xxy  

3. 058 212   nnn xxy  

4. 04980 311   nnn xxy  

5. 016 312   nnn xxy  

6. 04980 313   nnn xxy  

7. 053 112   nnn yxy  

8. 04930 113   nnn yxy  

9. 049495 213   nnn yxy  

10. 05498 321   nnn xxy  

11. 058 322   nnn xxy  
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12. 058 323   nnn xxy  

13. 035 122   nnn yxy  

14. 06 123   nnn yxy  

15. 053 223   nnn yxy  

16. 05349 132   nnn yxy  

17. 03049 133   nnn yxy  

18. 035 233   nnn yxy  

19. Each of the following expressions represents a cubical integer. 

i.     214333 42426342426
120

1
  nnnn xxxx  

ii.     315333 4242183424218
1200

1
  nnnn xxxx  

iii.     214333 84522384522
150

1
  nnnn yxyx  

iv.     113333 845438454
30

1
  nnnn yxyx  

v.     315333 8451663845166
1470

1
  nnnn yxyx  

vi.     325343 426421834264218
120

1
  nnnn xxxx  

vii.     123343 85254385254
150

1
  nnnn yxyx  

viii.     224343 8525223852522
30

1
  nnnn yxyx  

ix.     325343 852516638525166
150

1
  nnnn yxyx  

x.     133353 8436543843654
1470

1
  nnnn yxyx  

xi.     234353 843652238436522
150

1
  nnnn yxyx  
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xii.     335353 84365166384365166
30

1
  nnnn yxyx  

xiii.     123343 104410831044108
180

1
  nnnn yyyy  

xiv.     133353 10332108310332108
1800

1
  nnnn yyyy  

xv.     234353 1033210443103321044
180

1
  nnnn yyyy  

20. Each of the following expressions represents bi-quadratic integer: 

 

i.     28800424264504051120
120

1 2
2154442

  nnnn xxxx  

ii.     28800004242184504005061600
1200

1 2
3164442

  nnnn xxxx  

iii.     18008454425201620
30

1 2
1144442

  nnnn yxyx  

iv.     45000845444260078300
150

1 2
2154442

  nnnn yxyx  

v.     432180084516641234807594020
1470

1 2
3164442

  nnnn yxyx  

vi.     288004264218451120506160
120

1 2
3264542

  nnnn xxxx  

vii.     450008525441278008100
150

1 2
1244542

  nnnn yxyx  

viii.     180085252242556015660
30

1 2
2254542

  nnnn yxyx  

ix.     4500085251664127800774900
150

1 2
3264542

  nnnn yxyx  

x.     4321800843654411530092079380
1470

1 2
1344642

  nnnn yxyx  
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xi.     4500084365224126540078300
150

1 2
2354642

  nnnn yxyx  

xii.     1800843651664253080154980
30

1 2
3364642

  nnnn yxyx  

xiii.     648001044108418792019440
180

1 2
1244542

  nnnn yyyy  

xiv.     648000010332108418597600194400
1800

1 2
1344642

  nnnn yyyy

 

xv.     6480010332104441859760187920
180

1 2
2354642

  nnnn yyyy  

21. Each of the following expressions represents Nasty number: 

i.  3222 42426240
20

1
  nn xx  

ii.  4222 4242182400
200

1
  nn xx  

iii.  2222 845460
5

1
  nn yx  

iv.  3222 84522300
25

1
  nn yx  

v.  4222 8451662940
245

1
  nn yx  

vi.  4232 4264218240
20

1
  nn xx  

vii.  2232 85254300
25

1
  nn yx  

viii.  3232 85252260
5

1
  nn yx  

ix.  4232 8525166300
25

1
  nn yx  

x.  2242 8436542940
245

1
  nn yx  
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xi.  3242 8436522300
25

1
  nn yx  

xii.  4242 8436516660
5

1
  nn yx  

xiii.  2232 1044108360
30

1
  nn yy  

xiv.  2242 103321083600
300

1
  nn yy  

xv.  3242 103321044360
30

1
  nn yy  

22. Each of the following expressions represents Quintic integer 

i.   3
16555 30771

20

1
 

nf
nn Pxx  where  21 771

20

1
  nnn xxf  

ii.   3
17555 30212109

600

1
 

nf
nn Pxx  where  31 212109

600

1
  nnn xxf  

iii.   3
17555 304227

15

1
 

nf
nn Pxx  where  31 4227

15

1
  nnn xxf  

iv.   3
16555 3042261

75

1
 

nf
nn Pyx  where  21 42261

75

1
  nnn yxf  

v.   3
17555 30422583

735

1
 

nf
nn Pyx  where  31 422583

735

1
  nnn yxf  

vi.   3
17565 302132109

60

1
 

nf
nn Pxx  where  32 2132109

60

1
  nnn xxf  

vii.   3
15565 3042627

75

1
 

nf
nn Pyx  where  12 42627

75

1
  nnn yxf  

viii.   3
16565 30426261

15

1
 

nf
nn Pyx  where  22 852261

15

1
  nnn yxf  

ix.   3
17565 304262583

75

1
 

nf
nn Pyx  where  32 4262583

75

1
  nnn yxf  

x.   3
15575 30421827

735

1
 

nf
nn Pyx  where  13 421827

735

1
  nnn yxf  
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xi.   3
16575 304218261

75

1
 

nf
nn Pyx  where  23 4218261

75

1
  nnn yxf  

xii.   3
17575 3042182583

15

1
 

nf
nn Pyx  where  33 42182583

15

1
  nnn yxf  

xiii.   3
15565 3026127

45

1
 

nf
nn Pyy  where  12 26127

45

1
  nnn yyf  

xiv.   3
15575 30258327

450

1
 

nf
nn Pyy  where  13 258327

450

1
  nnn yyf  

xv.   3
16575 302583261

45

1
 

nf
nn Pyy  where  23 2583261

45

1
  nnn yyf  

4. REMARKABLE OBSERVATIONS 

I. Employing linear combinations among the solutions of (1), one may 

generate integer solutions for other choices of hyperbola which are presented 

in table 2 below 
     Table 2: Hyperbola 

Sl.no               Hyperbola 
               

 nn YX ,  

1 138240024 22  nn YX      1221 2088216,42426   nnnn xxxx  

2 13824000024 22  nn YX      1331 20664216,424218   nnnn xxxx  

3 8640024 22  nn YX      1111 252432,8454   nnnn xyyx  

4 216000024 22  nn YX      1221 2556432,84522   nnnn xyyx  

5 20744640024 22  nn YX      1331 25308432,845166   nnnn xyyx  

6 138240024 22  nn YX      2332 206642088,4264218   nnnn xxxx  

7 216000024 22  nn YX      2112 2524176,85254   nnnn xyyx  

8 8640024 22  nn YX      2222 25564176,852522   nnnn xyyx  

9 216000024 22  nn YX      2332 253084176,8525166   nnnn xyyx  

10 20744640024 22  nn YX      3113 25241328,843654   nnnn xyyx  

11 216000024 22  nn YX      3223 255641328,8436522   nnnn xyyx  

12 8640024 22  nn YX      3333 2530841328,84365166   nnnn xyyx  

13 311040024 22  nn YX      2112 5045112,1044108   nnnn yyyy  

14 31104000024 22  nn YX      3113 50450616,10332108   nnnn yyyy  

15 311040024 22  nn YX      3223 511250616,103321044   nnnn yyyy  
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II. Employing linear combination among the solutions for other choices of 

parabola which are presented in table 3 below 

Table 3: Parabola   

Sl.no               Parabola                        nn YX ,  

1 13824002880 2  nn YX      123222 2088216,42426240   nnnn xxxx  

2 13824000028800 2  nn YX      134222 20664216,4242182400   nnnn xxxx  

3 86400720 2  nn YX      112222 252432,845460   nnnn xyyx  

4 21600003600 2  nn YX      123222 2556432,84522300   nnnn xyyx  

5 20744640035280 2  nn YX      134222 25308432,8451662940   nnnn xyyx  

6 13824002880 2  nn YX      234232 206642088,4264218240   nnnn xxxx  

7 21600003600 2  nn YX      212232 2524176,85254300   nnnn xyyx  

8 86400720 2  nn YX      223232 25564172,85252260   nnnn xyyx  

9 21600003600 2  nn YX      234232 253084176,8525166300   nnnn xyyx  

10 20744640035280 2  nn YX      312242 25241328,8436542940   nnnn xyyx  

11 21600003600 2  nn YX      323242 255641328,8436522300   nnnn xyyx  

12 86400720 2  nn YX      334242 2530841328,8436516660   nnnn xyyx  

13 31104004320 2  nn YX      212232 5045112,1044108360   nnnn yyyy  

14 31104000043200 2  nn YX      312242 50450616,103321083600   nnnn yyyy  

15 31104004320 2  nn YX      323242 511250616,103321044360   nnnn yyyy  
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5. PROPERTIES 

III. Let  1sm and 1sn be  sequence of positive integers defined by  

(i).  
2

,
2

1 1

1

1

1







 


 s

s

s

s

x
m

y
n  

      It is seen that 

      
96128 1,3 st  is a Nasty number. 

(ii). Define 
2

,
2

1 1

1

1

1







 


 s

s

s

s

x
m

y
n

 

    It is noted that
 

  406418811 1,31,25 11
   snsm ntmt

ss
 

(iii). Consider 
4

,
2

1 1

1

1

1







 


 s

s

s

s

x
m

y
n

 

     It is noted that
 

      484764 1,3,98 11
  snm mtt

ss
 

(iv). Assume  
2

,
2

3 1

1

1

1







 


 s

s

s

s

x
m

y
n

 

      It is observed that
 

       
112641164 11,3,25 11

  ssnm nmtt
ss

 

6. CONCLUSION 
 In this paper, we have presented infinitely many integer solutions for the Diophantine equation, 

represented by hyperbola is given by 4083 22  yx . As the binary quadratic Diophantine equations  

are rich in variety, one may search for the other choices of equations and determine their integer solutions 

along with suitable properties. 
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