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ABSTRACT

The hyperbola represented by the binary quadratic equation 3x?2 —8y2 =40 is analyzed for finding its non-

zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, knowing an integral
solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented.
KEYWORDS: Binary quadratic, Hyperbola, Parabola, Integral solutions, Pell equation.

2010 Mathematics subject classification:11D09

1. NOTATION

tn = n{1+ W}-Polygonal number of rank n with sides m

2. INTRODUCTION

The binary quadratic Diophantine  equations of the form
ax’ —by? =N, (a,b,N #0) are rich in variety and have been analyzed by many
mathematicians for their respective integer solutions for particular values of a,b

and N . In this context, one may refer [1-13].
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This communication concerns with the problem of obtaining non-zero

distinct integer solutions to the binary quadratic equation given by 3x* —-8y? =40

representing hyperbola. A few interesting relations among its solutions are
presented. Knowing an integral solution of the given hyperbola, integer solutions
for other choices of hyperbolas and parabolas are presented.

3. METHOD OF ANALYSIS

The binary quadratic equation representing hyperbola is given by
3x% —8y? =40 (1)
Takingx=X +8T,y=X +3T (2)
in (1), it simplifies to the equation
X?=24T° -8 (3)

The smallest positive integer solution (T,, X,)of (3) is

To obtain, the other solutions of (3), consider the pellian equation

X2 =24T% +1 (4)
whose smallest positive integer solution is

T, =1 X, =5

The general solution (T, X,) of (4) is given by

X, +24T, =(5++24) " n=012... 5)
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Since, irrational roots occur in pairs, we havel
~ ~ 1
X, —24T, =(5-v24]" \n=012... (6)

From (5) and (6), solving for X, T, ,we have

)Zn :%[(5+\/ﬂ)n+l +(5—\/ﬂ)n+l}:% f,

A A Ry ey

Applying Brahmagupta lemma between the solutions (T,, X,) and (T, X,), the

general solution (T,.,, X,,,;) of (3) is found to be

Tn+l = XOTn +T0Xn

Xog =X X, +24T,T,
2 1
=T ,=—9g, +=f 7
T ™)
Xn+l:2fn+@gn (8)

Using (7) and (8) in (2) we have

28

Xn+l:Xn+1+8Tn+l:6fn +ﬁgn (9)
7 18

n+ :Xn+ +3Tn+ :_fn+ n 10

y 1 1 1 2 \/ﬂg ( )

Thus, (9) and (10) represent the integer solutions of the hyperbola (1).

A few numerical examples are given in the following table 1
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Table 1: Examples

n Xna1 Yna
-1 12 7

0 116 71

1 1148 703

2 11364 6959

In the above table x - values are even and vy - values are odd

Recurrence relations for xand y are:

Xn3 —10X0 + Xy =0,n=-101.....
Yiz —10Y,.0 + Vs =0,n=-101.....
A few interesting relations among the solutions are given below:

8Y,., +5X,,, —X,., =0
8Y,.s +5X,, —49X,., =0
8Y,., + X, —5X,., =0
80y,,, +49X.., —X,.; =0

16yn+2 + Xpg — Xis =0

+.

8Oyn+3 + Xy — 4'9Xn+3 =0

Yoi2 — 3XnJrl - 5yn+l =0

Ynis — 3OXnJrl - 49yn+1 =0

© o N o g B~ w0 b PE

5yn+3 - 4'9Xn+1 - 49yn+2 =0
10 8yn+l +49Xn+2 _5Xn+3 =0

11. 8yn+2 +5Xn+2 — Xnis =0
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12.8y,., +X,,, —5X,,5 =0
13.5y,,, =3X,, — Y5y =0
14.y,.,—6X,., +V¥,,=0
15.y,., —3%,,, —5Y,., =0
16.49y,., —3X,,; —5Y,., =0
17.49y,.,—30X,,;—VY,., =0
18.5y,,5 =3X,.5 = Y5, =0

19.Each of the following expressions represents a cubical integer.

: 1
. o5 [(426%3n,3 —42X3n14 )+ 3(426X41 — 4212 )]
T [(4218x3,, 3 — 42X3n.5 )+ 3(4218% ., —42Xp43)]
1200
... 1
m. = (622303 —84Y3n14)+3(622X41 —84Y . )]

: 1
v, = [(B4xan+3 —84Yy3ns3)+ 3(54%n11 —84Yns1)]

1

V. m [(5166X3n+3 —84y3n5 ) +3 (5166Xn+1 —84ypn,3 )]
Vi. % [(4218x3,, 4 —426X3,5)+3 (421840 —426X1,3 )]
Vil 150 [(54%an+4 —852Y30,3)+3(64%n.2 —852Yp1 )]
Vil 20 [(522x314 ~852Y30.4)+3(522X,2 =852y .2 )]
. 1
X g5 [(5166x31,4 —852Y3n.45) +3(5166X2 —852Yn.3)]
1
X. 1470 [(B4x3n.45 —8436Y30.43) + 3 (54Xn.3 —8436Yp,1)]
. 1
XI. 150 [(522x30,5 —8436Y3n.4) +3(522%p,.3 —8436Yp.2 )]
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Xii. 3—10 [(5166X3,,5 —8436Y3n.5)+ 3 (5166X,,,3 —8436Y.3)]

. 1
X1 180 [(L08y3n14 —1044y3y,3)+3(108Yy. o —1044yy,1 )]
. 1
Xiv. o -[(108y3n,5 ~10332Y3n,3) + 3(108yn, 3 ~ 10332y, )

1
XV. 180 ——[(1044y3,,5 ~10332y3n,.4 )+3(L044yy, 3 ~10332yy, )]

20.Each of the following expressions represents bi-quadratic integer:

I. 122 [51120x4n+4 5040X 4045 )+ 4(426Xg — 42Xp40 )2 — 28800]
ii. " c:)Lo 5 [(5061600x4n+4 — 504004046 )+ 4(4218X,1 — 42Xp43)> — 2880000]
iii. 3;2 (1620X 4,4 — 2520y 45,14 )+ 4(54X 11 — 84V )2 —1800]
iv. 152 5 (78300X4p154 — 2600y 4.5 )+ 4(544%, 14 — 841, )? —45000]
V. ” 710 5 [(7594020x4n+4 —123480Y 4.6 ) + 4(5166X,,1 —84Yyp,3)° — 4321800]
Vi. é [(506160x4n+5 —51120X 40,6 ) + 4(4218X,,, > — 426X,1,3)° — 28800]
vii. 152 5 (8100% 45 127800y 4.4 )+ 454X - 852y )° — 45000]
viii. ; ;2 (15660X 47,5 — 25560y 4,5 )+ 4(522X 14 9 — 85249 )? —1800]
iX. 152 5 (77490045 ~ 127800 46 ) + 4(5166X, 2 — 852yp.3 ) —45000]
X. 1 [(79380 Xanig — 115300920y 411, 4 )+ 4(54X;, 3 —8436Yy,,4 )> — 4321800]

1470
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Xi. LZ (78300406 — 1265400y 4,45 )+ 4(522X,, 3 — 8436Y,,.0 ) — 45000]

150

Xii. iz[(154980x4n+6 — 253080406 )+ 4(5166X,,,3 —8436Y,,.3 ) —1800]
30

Xiil. iz (19440 4,5 — 187920y 45,4 )+ 4(108y ., —1044y,.1)? — 64800]
180

XiV. LZ [(194400y4n+6 —18597600Y 45,4 )+ 4(108y 1,3 10332y, )% — 6480000]
1800

XV. %[(187920y4n+6 1859760 4n,5 )+ 4(1044y,,,5 —10332y,., 5 )2 —64800]
180

21.Each of the following expressions represents Nasty number:
: 1
L [240 + 426X, 9 — 42X9p.43 ]

.. 1
i [2400 + 4218%5,,9 — 42X9n14]

ii. % [60 +54xon.2 —84Y2n.2]

iv. % [300 +522X511,2 —84Y2n43]

1
Vo o [2940 + 5166X5,,2 —84Yon.4]

Vi. 2—10 [240 + 4218% 5,3 — 426X9p44 |

vii. % [300 + 54%5,3 —852y9n.2 |

viii. %[60 +522X9n43 —852Y9n.3]

iX. %[300+5166x2n+3—852y2n+4]

1
X o= [2940 + 54X, 4 — 8436y |
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Xi.

Xil.

Xiil.

XiV.

XV.

1
> [300 + 522X5p1,4 — 8436y 9743 ]

%[60 +5166Xon4 —8436Yon44 ]
1
o5 (300 +108y20. 5 1044y, ]

1
205 3600 +108Y 20,4 ~10332y5,. ]

3—10 [360 +1044y5,,,4 —10332y 5,5 ]

22.Each of the following expressions represents Quintic integer

Vi.

Vii.

viii.

1 3 1
2—0(71x5n+5 — TXsp.6) + 30PF where f, =%(71xn+1 —TXp42)

1 1
%(2109x5n+5 — 21Xg0,7) + SOP]:Q;_l where f, =@(2109xn+1 —21%.3)

1 3 1
E(27x5n+5 — 4257 ) + 30PF where f, = E(27xn+1 —42%n.3)

1
7—15(261x5n+5 —42y50.6) + 3OP]:°;_1 where f, :%(261xn+1 —42Yn42)

1 3 1
ﬁ(2583x5n+5 —42y5,.7) + 30PF 4 where f, = ﬁ(2583xn+l —42y0.3)

1
6—10(2109x5n+6 —213X5p,7) + 30F>f3n _, Where f, :%(2109xn+2 —213%,3)

1
7—15(27x5n+6 —426Ys.5) + 30P;°’n _, Where f, = 7—5(27xn+2 —426Yp.1)

1
%(261x5n+6 —426ys.6) + 30P§ _, Where f, = E(261xn+2 —852y,,.2)

1 1
7—5(2583x5n+6 —426Y5,,7) + SOP]‘?n _, Where f, = %(2583xn+2 —426Y,,3)

1 3 1
ﬁ(27x5n+7 —4218ys5,,5) + 30PF 4 where f, =7—35(27xn+3 —4218y,,,1)
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1

Xi. 7—5(261x5n+7 —4218ysp.6) + 30P7 | Where f, = %(261xn+3 —4218y,,,9)

Xii. %(2583x5n+7 ~4218y5n,7) + 30P7 | where f, :%(2583xn+3 — 4218y, )
Xiii. i(27y5n+6 — 261yg,5 ) + 30P3 . where f =i(27y , — 261y, .,)
45 fn_l n 45 n+ n+
: 1 3 1
XiV. ﬁ(nyg,n+7 — 2583y5p,5) + 30PF where f,, = m(27yn+3 —2583yp41)
XV. %(zmy5n+7 — 2583y5,.6 ) + 30Pf3 _, Where f;, = 4i5(261yn+3 — 2583y p.2)

4. REMARKABLE OBSERVATIONS

Employing linear combinations among the solutions of (1), one may

generate integer solutions for other choices of hyperbola which are presented

in table 2 below

Table 2: Hyperbola

Sl.no Hyperbola (xn,Yn)

1 24X 2 —Y? =1382400 [(426x, ., —42x,_,) (216X, ., —2088x,, )]

2 24X 2 —Y? =138240000 [(4218x,,, —42x, ., ),(216x, ., — 20664, ., )]

3 24X 2 —Y? =86400 [(54x,,, —84y,.,)(432y, ., — 252, ., )]

4 24X 2 —Y? = 2160000 [(522x,., —84y, ., ) (432y, ., — 2556X, ., )]

5 24X 2 —Y? = 207446400 [(5166x,,, —84y, ., ) (432y, ., —25308x, ., )]

6 24X 2 —Y? =1382400 [(4218x,,, — 426X, ),(2088x, ., — 20664x,, )|

7 24X 2 —Y? = 2160000 [(54x,,, —852y,.,),(4176y, ., — 252x,., )]

8 24X 2 —Y? =86400 [(522x,., —852y,.,)(4176y, ., — 2556x,, )|

9 24X 2 —Y? =2160000 [(5166x,., —852y, ., ), (4176y, ., — 25308x, ., )]
10 | 24X 2 —Y?2 = 207446400 [(54x,,, —8436y,,, ) (41328y, , — 252x, , )]

11 | 24X? -Y? =2160000 [(522x,,, —8436y,., ) (41328y,,, — 2556X,, )]
12 | 24X2 -Y? =86400 [(5166x,,, — 8436y, ;) (41328y, ., — 25308X, . )|
13 | 24X?2 -Y?2 =3110400 [(108y, ., —1044y, ,),(5112y, , —504y, , )]

14 | 24X? —Y? =311040000 [(108y, ., —10332y, ,),(50616y,,, —504y, ;)]
15 [(1044yn+3 - 10332yn+2 )’ (50616yn+2 o 5112yn+3 )]

24X % —Y? =3110400
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Employing linear combination among the solutions for other choices of

parabola which are presented in table 3 below

Table 3: Parabola

Sl.no Parabola (X,.Y,)

1 2880X . —Y.2 =1382400 [(240 + 426x,,., —42x,,,, ),(216X,,, — 2088x,,,, )|

2 28800X, —Y 2 =138240000 | [(2400+4218x,,,, —42X,,., ),(216x,,, —20664x,, )]

3 720X, —Y? =86400 [(60+54x,,., —84y,..,).(432y,., — 252X, )]

4 3600X , —Y.2 = 2160000 (300 +522x,,., —84y,, ., ),(432y, ., — 2556X, )]

5 35280X,, — Y =207446400 | [(2940 +5166X,,., —84Y,.., ), (432y,., — 25308X,., )]

6 2880X , — Y2 =1382400 [(240 + 4218x,,,, — 426X,,., ),(2088x, ., — 20664x,, )]
7 3600X,, —Y.2 = 2160000 [(300 + 54x,,,, —852y,,.,),(4176y, ., — 252X, )]

8 720X, —Y.? =86400 [(60+522x,, ., —852y,, ., ),(4172y, ., — 2556X, ., )]

9 3600X , —Y.2 = 2160000 (300 + 5166x,,,, —852y,,., ), (4176y, ., — 25308x,, )]
10 | 35280X, — Y2 =207446400 | [(2940 +54x,, ., —8436Y,,., ) (41328y,., — 252X, , ]
11 | 3600X, —Y2 =2160000 (300 +522x,,., —8436y,,.,),(41328y, ., — 2556X, ., )|
12 | 720X, —Y? =86400 (60 +5166x,,,, —8436y,,., ), (41328y, ,, — 25308x,_, )]
13 | 4320X, —Y2 =3110400 [(360+108y,, ., —1044y, ) (5112y_, —504y )|

14 | 43200X, —Y?2 =311040000 | [(3600 +108y,,., —10332y,,., ) (50616y,., —504y, ;)]
15 | 4320X, —Y2 =3110400 (360 +1044y,, ., —10332y,, .. ),(50616y,, —5112y, . )|
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5. PROPERTIES
1. Let {m_,}and{n_,}be sequence of positive integers defined by

H _ ys+l -1 _ Xs+l
(D). n,==2—m, ==

2 s+1 2
It is seen that

128t,,, + 96 is a Nasty number.

. : 1
(ii). Define n_,, :%,ms+1 :%

It is noted that

tysm,, +11m,, —8(8t,, +1)+64n,,, =40
i -1
(iii). Consider n,_, :5’5%,%+1 :%

It is noted that

togm, , —64t;, +47m,, =48
H Ysu — 3 Xsi1
(IV) Assume n5+1 :T,ms+l :T

It is observed that

—64t,, +11m,, —64n,, =112

t25'm5+1

6. CONCLUSION
In this paper, we have presented infinitely many integer solutions for the Diophantine equation,

represented by hyperbola is given by 3x* —8y? =40. As the binary quadratic Diophantine equations

are rich in variety, one may search for the other choices of equations and determine their integer solutions
along with suitable properties.
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