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ABSTRACT 

The binary quadratic equation represented by the Negative Pellian 1314 22  xy  is analyzed for its distinct integer 

solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above 

hyperbola, we have obtained solutions of other choices of hyperbola and parabola. 

KEYWORDS: Binary quadratic, hyperbola, parabola, pell equation, integral solutions. 2010 mathematics subject 

classification: 11D09 

 

INTRODUCTION 

A binary quadratic equation of the form 122  Dxy where D is non-square positive 

integer has been studied by various mathematicians for its non-trivial integral solutions when 

D takes different integral values [1-2]. For an extensive review of various problems, one may 

refer [3-15]. In this communication, yet another interesting hyperbola given by 

1314 22  xy  is considered and infinitely many integer solutions are obtained. A few 

interesting properties among the solutions are obtained.  

METHOD OF ANALYSIS 

The Negative Pell equation representing hyperbola under consideration is 

   1314 22  xy                    (1)  
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whose smallest positive integer solution is 

   1,1 00  yx        

To obtain the other solutions of (1), consider the Pell equation 

   114 22  xy  

whose general solution is given by 
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2

1~,
142

1~   

where 

     11

1441514415



nn

nf   

     ......2,1,0,1,1441514415
11




ng
nn

n  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) 

are given by 

 nnn gfx
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The recurrence relations satisfied by x and y are given by 

 030 123   nnn xxx  

 030 123   nnn yyy  

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

Table: 1 Numerical examples 
n  

1nx  1ny  

-1 1 1 
0 19 71 
1 569 2129 
2 17051 63799 
3 15311779 57291431 
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From the above table, we observe some interesting relations among the solutions which are 

presented below: 

 1. 1nx  and yn+1 are always odd. 

2. Relations among the solutions   

 030 123   nnn xxx  

 0154 121   nnn xxy  

 0154 122   nnn xxy  

 0154494 123   nnn xxy   

 0449120 131   nnn xxy  

 08 132   nnn xxy  

 013449120 133   nnn xxy  

 01556 112   nnn yxy  

 04491680 113   nnn yxy  

 04495615 213   nnn yxy  

 0120449 313   nnn yxx  

 0449154 231   nnn xxy  

 0154 232   nnn xxy  

 0154 233   nnn xxy  

 05615 122   nnn yxy  

 0112 123   nnn yxy  

 01556 223   nnn yxy  

 01556449 132   nnn yxy  

 01680449 133   nnn yxy  
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 05615 233   nnn yxy  

 030 123   nnn yyy  

3. Each of the following expressions represents a nasty number 

  5271
13

3
3222   nn xx  

  15602129
130

1
4222   nn xx  

  26228
13

6
2222   nn yx  

  3902532
65

2
3222   nn yx  

  11674215932
5837

6
4222   nn yx  

  1041424258
26

3
4232   nn xx  

  39014228
65

2
2232   nn yx  

  26142532
13

6
3232   nn yx  

  39014215932
65

2
4232   nn yx  

  11674425828
5837

6
2242   nn yx  

  3904258532
65

2
3242   nn yx  

  26425815932
13

6
4242   nn yx  

  104382
26

3
2232   nn yy  
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  312011382
260

1
2242   nn yy  

  104113838
26

3
3242   nn yy  

 

4. Each of the following expressions represents a cubical integer 

  214333 321371
26

1
  nnnn xxxx  

  325343 426127741424258
52

1
  nnnn xxxx  

  315333 363872129
780

1
  nnnn xxxx  

  113333 684228
13

1
  nnnn yxyx  

  214333 615962532
195

1
  nnnn yxyx  

  315333 647796215932
5837

1
  nnnn yxyx  

  123343 4268414228
195

1
  nnnn yxyx  

  224343 4261596142532
13

1
  nnnn yxyx  

  325343 4264779614215932
195

1
  nnnn yxyx  

  133353 1277484425828
5837

1
  nnnn yxyx  

  234353 1277415964258532
195

1
  nnnn yxyx  

  335353 1277447796425815932
13

1
  nnnn yxyx  
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  123343 1146382
52

1
  nnnn yyyy  

  133353 3414611382
1560

1
  nnnn yyyy  

  234353 3414114113838
52

1
  nnnn yyyy  

5. Each of the following expressions represents a bi-quadratic integer 

  3502217032112425828
5837

1
22424464   nnnn yxyx  

  156428471
26

1
32225444   nnnn xxxx  

  4680485162129
780

1
42226444   nnnn xxxx  

  788112228
13

1
22224444   nnnn yxyx  

  1170821282532
195

1
32225444   nnnn yxyx  

  312568170321424258
52

1
42326454   nnnn xxxx  

  117056811214228
195

1
22324454   nnnn yxyx  

  785682128142532
13

1
32325454   nnnn yxyx  

  11705686372814215932
195

1
42326454   nnnn yxyx  

  11701703221284258532
195

1
32425464   nnnn yxyx  

  781703263728425815932
13

1
42426464   nnnn yxyx  

  3121528382
52

1
22324454   nnnn yyyy  

  93604552811382
1560

1
22424464   nnnn yyyy  
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  3124552152113838
52

1
32425464   nnnn yyyy  

  425262013155
7

1
42326454   nnnn yyyy  

  35022863728215932
5837

1
42226444   nnnn yxyx  

6. Each of the following expressions represents a quintic integer 

 

  2343536575 113803805690190113838
52

1
  nnnnnn yyyyyy  

  2143336555 10710535571
26

1
  nnnnnn xxxxxx  

  3153337555 10212905106452129
780

1
  nnnnnn xxxxxx  

  1133335555 2028010140228
13

1
  nnnnnn yxyxyx  

  2143336555 2053201026602532
195

1
  nnnnnn yxyxyx  

  3253437565 142042580710212901424258
52

1
  nnnnnn xxxxxx  

  1233435565 14028071014014228
195

1
  nnnnnn yxyxyx  

  2243436565 142053207102660142532
13

1
  nnnnnn yxyxyx  

  3253437565 14201593207107966014215932
195

1
  nnnnnn yxyxyy  

  1333535575 4258028021290140425828
5837

1
  nnnnnn yxyxyx  

  2343536575 4258053202129026604258532
195

1
  nnnnnn yxyxyx  

  1333535575 113802056901011382
1560

1
  nnnnnn yyyyyy  
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  3353537575 425801593202129079660425815932
13

1
  nnnnnn yxyxyx

 

  3153337555 201593201079660215932
5837

1
  nnnnnn yxyxyx  

REMARKABLE OBSERVATIONS 

1. Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices of hyperbola which are presented in the Table: 2 below: 

 

Table: 2 Hyperbolas 

S. No 
Hyperbolas  YX ,  

1 270414 22  YX   1221 19,71   nnnn xxxx  

2 243360014 22  YX   1331 569,2129   nnnn xxxx  

3 67614 22  YX   1111 22,228   nnnn xyyx  

4 15210014 22  YX   2221 1422,2532   nnnn xyyx  

5 13628227614 22  YX   1331 42582,215932   nnnn xyyx  

6 1081614 22  YX   2332 113838,1424258   nnnn xxxx  

7 15210014 22  YX   2112 238,14228   nnnn xyyx  

8 67614 22  YX   2222 14238,142532   nnnn xyxx  

9 15210014 22  YX   2333 425838,14215932   nnnn xyyx  

10 13628227614 22  YX   3113 21138,425828   nnnn xyyx  

11 15210014 22  YX   3223 1421138,4258532   nnnn xyyx  

12 67614 22  YX   3333 42581138,425815932   nnnn xyyx  

13 15142414 22 YX   2112 2142,382   nnnn yyyy  

14 13628160014 22 YX   3113 24258,11382   nnnn yyyy  

15 15142414 22 YX   3223 1424258,113828   nnnn yyyy  
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2. Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices of parabola which are presented in the Table: 3 below: 

 

Table: 3 Parabolas 

S. No 
Parabolas  YX ,  

1 13521426 2  YX   123222 19,71   nnnn xxxx  

2 121680014780 2  YX   134222 569,2129   nnnn xxxx  

3 3381413 2  YX   112222 22,228   nnnn xyyx  

4 7605014195 2  YX   223222 1422,2532   nnnn xyyx  

5 68141138145837 2  YX   134222 42582,215932   nnnn xyyx  

6 54081452 2  YX   234232 113838,1424258   nnnn xxxx  

7 7605014195 2  YX   212232 238,14228   nnnn xyyx  

8 3381413 2  YX   223232 14238,142532   nnnn xyxx  

9 7605014195 2  YX   234242 425838,14215932   nnnn xyyx  

10 68141138145837 2  YX   312242 21138,425828   nnnn xyyx  

11 7605014195 2  YX   323242 1421138,4258532   nnnn xyyx  

12 3381413 2  YX   334242 42581138,425815932   nnnn xyyx  

13 75712728 2 YX   212232 2142,382   nnnn yyyy  

14 6814080021840 2 YX   312242 24258,11382   nnnn yyyy  

15 75712728 2 YX   323242 1424258,113828   nnnn yyyy  
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