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ABSTRACT 
This paper aims at determining non-zero distinct integer solutions to the algebraic equation of degree four with three 

unknowns given by 

         0,34121 42222  azqapxyayxa  
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1. INTRODUCTION 

The subject of diophantine equations in Number Theory is the study of integer solutions to 
equations. The study of diophantine equations have spanned centuries and is one of the area of Number 
Theory that has attracted many mathematicians. It is quite obvious and well-known that biquadratic 
equations are rich in variety. In [1,9], integer solutions to some bi-quadratic equations with three unknowns 
are presented.  In, this paper, the bi-quadratic equation with three unknowns given by 

        42222 34121 zqapxyayxa   is studied for its distinct integer solutions. 

2. METHOD OF ANALYSIS 

 The fourth degree equation with three unknowns to be solved is 

        42222 34121 zqapxyayxa             (1) 

Different sets of integer solutions to (1) are illustrated below: 

Set 1: 

 The choice      

0,,  vuvuyvux                     (2)   

in (1) leads to 

     42222 3434 zqapvau             (3) 

Take 

  22 34   az                        (4) 

Substituting (4) in (3) and factorizing, the resulting equation is written as the system of double equations 

 

     4343434   aiqaipvaiu             (5) 

     4343434   aiqaipvaiu             (6) 

On equating the rational and irrational parts either in (5) or (6), we have 

     

 

   

  



















42

22433

32

342224

34

3463444

344

34434346









qa

qaqappv

qa

qaapappu

          (7) 

From (7) and (2), we get 

        

       
        

        














































323

42224

323

42224

34344344

34346

34344344

34346









paqaqap

qpapqaqp
y

paqaqap

qpaqpaqp
x

                 (8) 

Thus, (4) and (8) represents the integer solutions to (1). 
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Set 2: 

Observe that (3) is written in the form of ratio as 

  
0,

34
2

2

2

2
















pzu

vqza

vqz

pzu
 

which is equivalent to the system of double equations 

 

     03434

0

2

2





zqapvau

zqpvu




 

Applying the method of cross multiplication we have 

   

  









pqaqv

qapapu





234

34234

22

22

    `         (9)                                                                          

  222 34   az              (10) 

Note that (10) is satisfied by 

  2234,2 nmamn                         (11) 

  2234 nmaz                   (12) 

Substituting the values of  and   from (11) in (9) we get, 

      

    
      

   



















pmnnma

nqmanmanmaqv

qmnnmaa

npmanmanmapu

33

2222442

33

2222442

344

34434234

34344

34434234

        (13)

 

Substitution of (13) in (2) gives 

        

     

        

      



















pqamnnma

nmqpanmanmaqpy

qaPmnnma

nmpqanmanmaqpx

34344

)34(434234

34344

)34(434234

33

2222442

33

2222442

          (14) 

Thus, (12) and (14) represent the integer solutions to (1). 

Note 1: 

Also, (3) is written in the form of ratio as  

 
  

0,
34 2

2

2

2
















pzu

vqz

vqza

pzu

 

In this case, the corresponding integer solutions to (1) are given by 
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             

  

             

  

  22

3

344222

3

344222

34

344

3434434346

344

3434434346

 









az

mnqap

nmpqaanqpmqpanmqpay

mnqap

nmqapanpqmpqanmqpax

 

Set 3: 

write (3) as  

     13434 42222  zqapvau
           (15) 

Assume  

     
 2

22

34123412
1






a

aiaaia
                     (16) 

Substituting (4) and (16) in (15) and employing the method of factorization, define 

      

       
 2

4

4

22

34123412
34

3434343434








a

aiaaia
ai

aiqaipqaipvaiuvaiu





Equating the positive and negative terms in the above equation, we get 

 
 

  
   




















3412

3434

22

1
34

4

aia

aiqaip

a
vaiu


             (17) 

 
 

  
   




















3412

3434

22

1
34

4

aia

aiqaip

a
vaiu


                   (18) 

Equating the real and imaginary parts in (17) or (18), we have 

 

           

           

    

 

       

         

       





































































3

342

224

32

342

224

3412344

341241234

1234612

22

1

12344

12344341234

34123463412

22

1













qapaa

qapapqaa

pqaapqa

a
v

pqaa

pqaaqapaa

qapaaqapa

a
u

   (19) 

Substituting (19) in (2) we get, 
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        

       

 

       

         

       

























































3

342

224

33

22424

46234344

34246446234

246346462

22

1

34344344

34634











paaqaa

qaapaqaapa

apqaaqaap

a
y

qapaqap

qpaqpaqp
x

  (20) 

As our interest is in finding integer solutions, it is seen that replacing   by  Ma 22   and   by  Na 22  in 

(20) and (4), the corresponding integer solutions to (1) are obtained and they are given below: 

 
        

       

 

       

         

      

    































































222

3

342

224

3

33

22424
4

3422

46234344

34246446234

246346462

22

34344344

34634
22

NaMaz

MNpaaqaa

NMqaapaNqaapa

NMapqaaMqaap

ay

MNqapaNMqap

NMqpaNqpaMqp
ax

      (21 

Note 2: 

 It is to be noted that, in addition to (16), 1 may also be represented as below: 

(i). 
     

 2
62

3432334323
1






a

aiaaia
 

(ii). 
     

 2
74

3441434414
1






a

aiaaia
 

(iii). 
     

 2
186

3496934969
1






a

aiaaia
 

(iv). 
     

 2
2816

34164163416416
1






a

aiaaia
 

It is worth mentioning here that, by giving various integer values to pa,  and q , one may obtain integer solutions 

to the corresponding biquadratic equation. 

For illustration, the choices 

1,8,1  qpa              (22)    

in (1) give 

  422 7132 zxyyx               (23) 
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Substituting (22) in (4), (8); (12), (14); and (21) the corresponding three sets of integer solutions to (23) are as 

follows: 

Set 1: 

22

334224

334224

7

420603432947

2844413789













z

y

x

 

Set 2: 

22

334224

334224

7

4289378441

604207294343

srz

rssrssrry

rssrssrrx







 

Set 3: 

22

334224

334224

11216

168448240641881616128384

1075201536087808752641792

NMz

MNNMNNMMy

MNNMNNMMx







 

Further, it is observed that, by choosing suitably the values of pa,  and q  in (1), the solutions presented in [2, 6-9] 

are correspondingly obtained. 

3. CONCLUSION 

In this paper, an attempt has been made to obtain all integer solutions to the bi-quadratic equation

        42222 34121 zqapxyayxa  . However, one may search for other choices of integer 

solutions to the above equation. 
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