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ABSTRACT
This paper aims at formulating sequences of Diophantine 3-tuples through the pair (3,6)
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INTRODUCTION
The problem of constructing the sets with property that product of any two of its distinct elements is
one less than a square has a very long history and such sets have been studied by Diophantus. A set of m distinct

positive integers {61 18y, 85 ey am}is said to have the property D(n), neZ- {0} if @a; +Nis a perfect
square for all 1<i< j<m or 1< j<i<m and such a set is called a Diophantine m-tuple with property
D(n).

Many Mathematicians considered the construction of different formulations of diophantine triples with
the property D (n) for any arbitrary integer n [1] and also, for any linear polynomials in n. In this context, one
may refer [2-13] for an extensive review of various problems on diophantine triples.

This paper concerns with the construction of sequences of diophantine 3-tuples (a, b, C) such that the

product of any two elements of the set added by
(-2),(-9),(-14),(-17),D <k2 +8k — 2), D(k* —8k — 2) in turn is a perfect square.

Sequence: 1
Leta=6, C;=3

It is observed that

€ 2020 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662
‘s, EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
Volume: 6 | Issue: 7 | July 2020 || Journal DOI: 10.36713 /epra2013 || SJIF Impact Factor: 7.032 |[ISI Value: 1.188

ac, —2 =16, a perfect square
Therefore, the pair (a ) Co) represents diophantine 2-tuple with the property D (—2) .

Let C; be any non-zero polynomial such that
ac, —2 =p’ (1)
C,C,—2=0° )
Eliminating C, between (1) and (2), we have
Cop® —a0” =(c, —a)(-2) 3)
Introducing the linear transformations
p=X+al , g=X+c,T 4)
in (3) and simplifying, we get
X?=ac, T? -2
which is satisfied by T =1 , X=4
In view of (4) and (1), it is seen that
c, =17
Note that (a 1Co s Cl) represents diophantine 3-tuple with property D (—2)

Taking (a , C1) and employing the above procedure, it is seen that the triple (a ,C,,C, ) where

exhibits diophantine 3-tuple with property D (—2)

Taking (a ) C2) and employing the above procedure, it is seen that the triple (a yCy,Cy ) where
c, =81

exhibits diophantine 3-tuple with property D (—2)

Taking (a ) 03) and employing the above procedure, it is seen that the triple (a ,C3,Cy ) where

c, =131
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exhibits diophantine 3-tuple with property D (—2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )Where

1¥s 1 Ys4l
C,, =6s"—4s+1, s=1,2,3,...
Sequence: 2

Leta=6, c,=3

It is observed that
ac, —9=09, a perfect square

Therefore, the pair (a , Co) represents diophantine 2-tuple with the property D (—9) .
Let C; be any non-zero polynomial such that
ac, —9=p’ )
c,c,—9=¢° (6)
Eliminating C, between (5) and (6), we have
Cop” —aq” = (c, ~a)(-9) )
Introducing the linear transformations
p=X+al , g=X+c,T (®)
in (7) and simplifying we get
X*=ac, T*-9
which is satisfied by T=1, X =3

In view of (8) and (5), it is seen that

Note that (a 1 Cos Cl) represents diophantine 3-tuple with property D (—9)

Taking (a ) Cl) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where

c,=39
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exhibits diophantine 3-tuple with property D (—9)

Taking (a ) C2) and employing the above procedure, it is seen that the triple (a ,C,,Cyq ) where
C, =175

exhibits diophantine 3-tuple with property D (—9)

Taking (a ) Cs) and employing the above procedure, it is seen that the triple (a yC3,Cy ) where
c, =123

exhibits diophantine 3-tuple with property D (—9)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

TYs 1 Ml
c,,=6s-6s+3, s=1,2,3,...
Sequence: 3

Let a=6, Cc,=3

It is observed that
ac, —14 =4, a perfect square

Therefore, the pair (a ) CO) represents diophantine 2-tuple with the property D (—14) .
Let C; be any non-zero polynomial such that

ac, —14 =p’ 9)

c,C, —14=0° (10)
Eliminating C, between (9) and (10), we have

cop” —aq” = (c, —a)(-14) (1n)
Introducing the linear transformations

p=X+al , g=X+c,T (12)

in (11) and simplifying we get

X? =ac,T? -14
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which is satisfied by T =1, X =2

In view of (12) and (9), it is seen that
c, =13

Note that (a ,Co) C1) represents diophantine 3-tuple with property D (—14)

Taking (a ) Cl) and employing the above procedure, it is seen that the triple (a GG, ) where
c,=35

exhibits diophantine 3-tuple with property D (—14)

Taking (a , C2) and employing the above procedure, it is seen that the triple (a ,C,,Cy ) where
C, =69

exhibits diophantine 3-tuple with property D (—14)

Taking (a , C3) and employing the above procedure, it is seen that the triple (a yC3,Cy ) where
c, =115

exhibits diophantine 3-tuple with property D (—14)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1¥s 1 Ys4l
c,,=6s"-8s+5, s=1,2,3,..
Sequence: 4

Leta=6, Cc,=3

It is observed that
ac, —17 =1, a perfect square

Therefore, the pair (a , Co) represents diophantine 2-tuple with the property D (=17) .
Let C; be any non-zero polynomial such that
ac, —17 = p* (13)

c,c,—17=q° (14)
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Eliminating C, between (13) and (14), we have
P’ —aq? =(c, —a)(-17) (15)
Introducing the linear transformations
p=X+al , g=X+¢,T (16)
in (15) and simplifying we get
X? =ac,T? -17
which is satisfiedby T =1, X =1
In view of (16) and (13), it is seen that
c, =11
Note that (a ,Cos Cl) represents diophantine 3-tuple with property D (—17)
Taking (a ' Cl) and employing the above procedure, it is seen that the triple (a ,C1,GC, ) where
c,=31
exhibits diophantine 3-tuple with property D (—17)

Taking (a ) C2) and employing the above procedure, it is seen that the triple (a ,Cy,Cy ) where

exhibits diophantine 3-tuple with property D(-17)

Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C3,Cy ) where
c, =107

exhibits diophantine 3-tuple with property D (—17)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )Where

1 ¥s 1 Ys+l
c,, =6s"-10s+7 , s=1,2,3,...
Sequence: 5

Leta=6, Cc,=3

€ 2020 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662
‘s, EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
Volume: 6 | Issue: 7 | July 2020 || Journal DOI: 10.36713 /epra2013 || SJIF Impact Factor: 7.032 |[ISI Value: 1.188

It is observed that
ac, + k®+8k—-2= (k+ 4)2 , a perfect square

Therefore, the pair (a , Co) represents diophantine 2-tuple with the property D (k* +8Kk — 2) .
Let C; be any non-zero polynomial such that
ac, +k? +8k -2 =p? (17)
c,C, +k*+8k—-2=q° (18)
Eliminating C, between (17) and (18), we have
cop? —aq® =(c, —a)(k? +8k—2) (19)
Introducing the linear transformations
p=X+al , g=X+c,T (20)
in (19) and simplifying we get
X? =ac,T? +k* +8k—2
which is satisfiedby T=1 , X=k+4

In view of (20) and (17), it is seen that

c, =2k +17

Note that (a ,Cos C1) represents diophantine 3-tuple with property D (k> +8K — 2)

Taking (a . Cl) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where
c, =4k +43

exhibits diophantine 3-tuple with property D (k® +8k — 2)

Taking (a , C2) and employing the above procedure, it is seen that the triple (a ,C,,Cyq ) where
c, =6k +81

exhibits diophantine 3-tuple with property D (k* +8k — 2)

Taking (a ) C3) and employing the above procedure, it is seen that the triple (a yC3,Cy ) where

€ 2020 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662
‘s, EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
Volume: 6 | Issue: 7 | July 2020 || Journal DOI: 10.36713 /epra2013 || SJIF Impact Factor: 7.032 |[ISI Value: 1.188

c, =8k +131
exhibits diophantine 3-tuple with property D (k* +8k — 2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1 ¥s 1 Ystl
Coy=2(s—1k+6s°—4s+1, s=1,2,3,..
Sequence: 6

Leta=6, Cc,=3

It is observed that
ac, +k? —8k —2 = (k—4)?, a perfect square

Therefore, the pair (a , CO) represents diophantine 2-tuple with the property D (k> —8k —2) .
Let C; be any non-zero polynomial such that
ac, + k> -8k —2=p? 1)
C,C, +k? =8k —2=¢q? (22)
Eliminating C, between (21) and (22), we have
cop? —aq? =(c, —a)(k? —8k —2) (23)
Introducing the linear transformations
p=X+al , g=X+c,T (24)
in (23) and simplifying we get
X*=ac,T> +k* -8k -2
which is satisfiedby T=1 , X=k -4
In view of (24) and (21), it is seen that
c,=2k+1
Note that (a ,Co) C1) represents diophantine 3-tuple with property D (k* —8k —2)

Taking (a ) C1) and employing the above procedure, it is seen that the triple (a,C1 ,C, ) where
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c, =4k +11

exhibits diophantine 3-tuple with property D (k* —8k — 2)

Taking (a ) C2) and employing the above procedure, it is seen that the triple (a ,Cy, Cq ) where
c, =6k +33

exhibits diophantine 3-tuple with property D (k? —8k —2)

Taking (a , C3) and employing the above procedure, it is seen that the triple (a yC3,Cy ) where

c, =8k +67

exhibits diophantine 3-tuple with property D (k* —8k — 2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general

form is given by (a C.,C )where

181 Ys+l
C., =2(s—1)k+6s*—-20s+17, s=1,2,3,...
It is noted that, in each of the above sequences,the following relations are observed:

e  The triple (C c.,+6,C ) forms an arithmetic progression.

51 Vsl 1542
Sequence: 7

Leta=3, C,=6

It is observed that

ac, —2 =16, a perfect square
Therefore, the pair (a ) Co) represents diophantine 2-tuple with the property D (—2) .

Let C; be any non-zero polynomial such that
ac, —2 =p’ (25)
CoC, —2=0° (26)
Eliminating C, between (25) and (26), we have

cop’ —aq” =(c, —a)(-2) @7)

Introducing the linear transformations
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p=X+al , g=X+c,T (28)
in (27) and simplifying, we get
X?=ac, T? -2
which is satisfiedby T =1, X =4
In view of (28) and (25), it is seen that
c, =17
Note that (a 1Co s Cl) represents diophantine 3-tuple with property D (—2)
Taking (a , C1) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where
c,=34
exhibits diophantine 3-tuple with property D (—2)
Taking (a ) C2) and employing the above procedure, it is seen that the triple (a ,C,,Cy ) where
C, =57
exhibits diophantine 3-tuple with property D (—2)
Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C3,C, ) where
c, =86
exhibits diophantine 3-tuple with property D (—2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )Where

1V8 1 Vsl
C.,=3"+2s+1, s=1,2,3,...
Sequence: 8
Leta=3, C,=6

It is observed that
ac, —9=09, a perfect square

Therefore, the pair (a ) CO) represents diophantine 2-tuple with the property D (—9) .
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Let C; be any non-zero polynomial such that
ac, —9=p’ (29)
c,C, —9=0° (30)
Eliminating C, between (29) and (30), we have
cop* —2aq” =(c, —a)(-9) (1)
Introducing the linear transformations
p=X+al , g=X+c,T (32)
in (7) and simplifying we get
X*=ac, T*-9
which is satisfied by T=1, X =3

In view of (32) and (29), it is seen that

Note that (a 1Co» C1) represents diophantine 3-tuple with property D (—9)

Taking (a . Cl) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where
c,=30

exhibits diophantine 3-tuple with property D (—9)

Taking (a ) Cz) and employing the above procedure, it is seen that the triple (a 1Cy,Cy ) where
c,=51

exhibits diophantine 3-tuple with property D (—9)

Taking (a ) C3) and employing the above procedure, it is seen that the triple (a yC3,Cy ) where
c,=178

exhibits diophantine 3-tuple with property D (—9)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1 M5 Yyl

€ 2020 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662
‘s, EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
Volume: 6 | Issue: 7 | July 2020 || Journal DOI: 10.36713 /epra2013 || SJIF Impact Factor: 7.032 |[ISI Value: 1.188

c,=3"+3, s=1,2,3,...
Sequence: 9
Leta=3, C,=6

It is observed that
ac, —14 =4, a perfect square

Therefore, the pair (a ) Co) represents diophantine 2-tuple with the property D (—14) .
Let C, be any non-zero polynomial such that
ac, —14 =p’ (33)
C,C, —14=0° (34)
Eliminating C, between (33) and (34), we have
Cop* —ag” = (c, —a)(-14) (35)
Introducing the linear transformations
p=X+al , g=X+¢,T (36)
in (35) and simplifying we get
X* =ac,T? -14
which is satisfiedby T=1, X =2
In view of (36) and (33), it is seen that
¢, =13
Note that (a ,Cos Cl) represents diophantine 3-tuple with property D (—14)

Taking (a ) Cl) and employing the above procedure, it is seen that the triple (a GG, ) where

exhibits diophantine 3-tuple with property D (—14)
Taking (a ) C2) and employing the above procedure, it is seen that the triple (a yCy, Cy ) where

c, =45
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exhibits diophantine 3-tuple with property D (—14)

Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C3,Cy ) where

exhibits diophantine 3-tuple with property D (—14)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1050 bsig
c,., =3"-2s+5, s=1,2,3,...

Sequence: 10

Leta=3, C,=06

It is observed that
ac, —17 =1, a perfect square

Therefore, the pair (a , CO) represents diophantine 2-tuple with the property D (—17) .
Let C; be any non-zero polynomial such that
ac, —17 = p’ (37)
c,C, —17=¢° (38)
Eliminating C, between (37) and (38), we have
c,p’ —agq® =(c, —a)(-17) (39)
Introducing the linear transformations
p=X+al , g=X+c,T (40)
in (39) and simplifying we get
X* =ac,T*-17
which is satisfied by T=1, X =1
In view of (40) and (37), it is seen that

c, =11
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Note that (a ,Co) Cl) represents diophantine 3-tuple with property D (—17)

Taking (a ) C1) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where
c, =22

exhibits diophantine 3-tuple with property D (—17)

Taking (a ) Cz) and employing the above procedure, it is seen that the triple (a 1Cy,Cy ) where
c; =39

exhibits diophantine 3-tuple with property D(-17)

Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C3,Cy ) where
c, =62

exhibits diophantine 3-tuple with property D (—17)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general

form is given by (a G Copq )where
C.,=3"—-4s+7,5=1,2,3,..
Sequence: 11

Leta=3, C,=06

It is observed that
ac, + k*+8k—-2= (k+ 4)2 , a perfect square

Therefore, the pair (a , CO) represents diophantine 2-tuple with the property D (k* +8Kk — 2) .
Let C; be any non-zero polynomial such that
ac, +k*+8k—2=p’ (41)
c,C, +k*+8k-2=¢> (42)
Eliminating C, between (41) and (42), we have
cop? —aq® =(c, —a)(k? +8k—2) 43)

Introducing the linear transformations
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p=X+al , g=X+c,T (44)
in (43) and simplifying we get
X* =ac,T? +k* +8k -2
which is satisfied by T=1 , X=k+4
In view of (44) and (41), it is seen that
c, =2k +17
Note that (a ,Cos C1) represents diophantine 3-tuple with property D (k> +8K — 2)
Taking (a ) Cl) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where
c, =4k +34
exhibits diophantine 3-tuple with property D (k® +8k — 2)
Taking (a , Cz) and employing the above procedure, it is seen that the triple (a 1Cy,Cy ) where
c, =6k +57
exhibits diophantine 3-tuple with property D (k* +8k — 2)
Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C3,Cy ) where
c, =8k +86

exhibits diophantine 3-tuple with property D (k® +8k — 2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1Cs1Coi
C., =2(5-Dk+3s*+2s+1, s=1,2,3,...

Sequence: 12

Leta=3, C,=6

It is observed that
ac, +k*> —8k —2 = (k—4)?, a perfect square

Therefore, the pair (a , Co) represents diophantine 2-tuple with the property D (k2 -8k-2) .
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Let C; be any non-zero polynomial such that

ac, +k? -8k —2=p’ (45)

c,C, +k*—8k-2=q? (46)
Eliminating C, between (45) and (46), we have

cop® —ag? =(c, —a)(k? -8k —2) (47)
Introducing the linear transformations

p=X+al , g=X+c,T (48)
in (47) and simplifying we get
X*=ac,T? +k* -8k -2

which is satisfiedby T=1 , X=k -4
In view of (48) and (45), it is seen that

c,=2k+1
Note that (a ,Cos Cl) represents diophantine 3-tuple with property D (k? —8k —2)
Taking (a , C1) and employing the above procedure, it is seen that the triple (a ,C1,Cy ) where

C,=4k+2
exhibits diophantine 3-tuple with property D (k* —8k — 2)
Taking (a ) C2) and employing the above procedure, it is seen that the triple (a ,Cy,Cy ) where

c, =6k+9
exhibits diophantine 3-tuple with property D (k? —8k —2)
Taking (a , C3) and employing the above procedure, it is seen that the triple (a ,C5,Cy ) where

c, =8k +22

exhibits diophantine 3-tuple with property D (k* —8k — 2)

The repetition of the above process leads to the generation of sequence of diophantine 3-tuples whose general
form is given by (a C.,C )where

1¥s 1 Vsl
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)

Coq =2(s—1Dk+3s* ~14s+17, s=1,2,3,...

It is noted that, in each of the above sequences 7-12,

the triple (Cs ,Cey +3,C +2) forms an arithmetic progression.

In conclusion, one may attempt for obtaining sequences of higher order Diophantine tuples with suitable

properties.
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