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ABSTRACT

In this paper, we have developed the generalized expression of
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and it’s corresponding integral form and some amazing results from the Generalized formula.
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1. Introduction

Appell’'s Hypergeometric Function Fi(z, y), Fa(z, y), F3(x, y), Fi(z,y) are defined as(see|T]):

o0

‘ m n b m U &
PRSI ZOZO et maxlle ) <1 )
o a)m+n b Cln KJ
Falazb,e:d,e;z,y) = §;§;((%Lﬂ:$ﬂ . x4+l <1 (1.2)
v @ (B)n(@m(d)nz™ y" :
Fila,b:e.d;e;z,y] = ; <{|z], <1 1.3
3la, b:c.d; ez, 4] mgzo,?:(, O e il max{|z|. |y|} (1.3)
e n(B)mtn
Bvanan= B2, oD 2+ V<1 (1.4)

A generalized hypergeometric function ,F,(ay., ..., ay; by. ..., by 2) is a function which can be defined in the
form of a hypergeometric series, i.e., a series for which the ratio of successive terms can be written

cre1  P(k) (k+a1)(k+ as)...(k +ap) "
e Q(k)  (k+bi)(k+bo)..(k+by)(k+1) "

(1.5)

Where k + 1 in the denominator is present for historical reasons of notation[Koepf p.12(2.9)], and the
resulting generalized hypergeometric function is written

F. WA A _Zx:( Dr(as)y - (ap)k,*' -
p&q ~ X .
bi,bs, -+ b, 3 (b1)x(ba )i - - - (bg)rck!
where the parameters by, bo, - - - , b, are positive integers.

The ,F, series converges for all finite z if p < ¢, converges for | 2 |< 1 if p = g + 1, diverges for all z ,
2 # 0 if p > g + 1[Luke p.156(3)].
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The function oFj(a,b;c; z) corresponding to p = 2,q = 1, is the first hypergeometric function to be
studied (and, in general, arises the most frequently in physical problems), and so is frequently known as
"the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric function [Gauss p.123-162].
To confuse matters even more, the term "hypergeometric function” is less commonly used to mean closed
form, and "hypergeometric series” is sometimes used to mean hypergeometric function.

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential equation of
second order
21—2)y" +je—(a+b+1)z]y —aby=0 (1.7)

The solution of this equation is

B ab ala+1)b(b+1) ,
y=Ap [1 + T-'—C'.. m—z + e ] (1.8)
This is the so-called regular solution. denoted
T ab  ala+1)b(b+1) 5 o= (@)k (b)x2®
2Fi(a,bic2) = [l+ e ™o cle+1) * ] _kX_% (c)pk! a9

which converges if ¢ is not a negative integer for all | 2 |< 1 and on the unit circle | 2 |= 1 if R(e—a—b) > 0.

It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a);. or generalized fac-
torial function.

The Jacobi polynomials are defined as follows:!!!

(a+1),
. T

PP (2) = _Fl(—n,,l+a+,:‘3+n:a+1;%(l —z))

n!

Pochhammer symbol:

In mathematics, the falling factorial or Pochhammer symbol (sometimes called the descending facto-

rial falling sequential product, or lower factorial) is defined as the polynomial[Stclicnsen p.s]
n n—1
(2)n =z(z —1)(z — 2)....... (.1:—11+1):H(:r—k+1): H(;r—k) (1.11)
k=1 k=0

2. Main Generalized Formula

a, n—a; 1l
o1 [ c ; 5] -
oo {2_5_"*" I'(e) T(—c+n)(—a+c); (a+c— n)k} {2_’“ I'(e) T'(e —n)(a)y (—a + n)k}
:Z:;) [ k' T(a) T(—a+n)(1+c—n) i+ kKl T(—a+c¢) T(a+c—mn)(1 —c+n)k]
(2.1)
forc—n ¢z
3.Integral Representation of Main Generalized Formula
ofiy | 3 BB Sl _® /00 T AR R [a'(" i] dt for Re(—a+n) >0 (3.1)
=5 g . 2| T T(—a+n) Jo ' s R IR
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3.Integral Representation of Main Generalized Formula

a, —n—a; 1] _ 1 = U . o e —
oF; | | 2] S vere— A et 1Fifa; ;5] dt for Re(a+m) <0. (3.1
- F((-‘ 0 —1+a+c+n t\— —1—a—-n p ¢
g v il Mo (1 - 2) ¢ dt for Re(c) > —Re(a+n) > 0. (3.2)
_ i) T+ C(r 3 1)_“ t-1+atetn gt for Re(c) > —Re(a+n) > 0. (3.3)
'la+c+n)'(—a—n) ’ ’
B L T(c) Loo+y - ‘
= TR T A AT e AT = /_mcﬁ 2°T(a—s) '(—a—n—s) I'(s) [(c+n+s)ds
(3.4)
for maz(0, —Re(c +n)) <y < min(Re(a), —Re(a + n))
4. Special cases of the formula
If a =c¢=0. then
0, —n; 1] _(T(0) (1) PS"™(0) b4 el
o F) [ & 5] = ( o =T(1) P! 0)). (4.1)
X o Fy(k, k —n; k; 20) (—n)r (3 — 20)F
= Z 2Fil s l‘(')’)( n)k(z — 20) for( not(zp € R and 1 < zp < x0)) (4.2)
k=0 "
P 1 = —t y—1—n o o t i
= F(—-n)/ e ‘'t 1Fy (0, 05) dt for Re(n) < 0 (4.3)
Ifa=¢=1, then
1 —n=1; 1 (0,—1—n)
oF1 | _ 5| =ra) P (0) (4.4)

for( not(zp € R and 1 < zp <)) (4.5)

X oFi(1+k —1+k—n;1+k;2)(— l—n);‘.(elz—.:o)k
k!

k=0

f Rese—_j(—3)* I'(-1—n—s) I'(s)

J:U
- 1.6
I'(—1—mn) (4.6)
(1 1+n t—” n
- -2 _ A7
re+ n) -1—mn) / _2J_t dt for < Re(n) < —1 (4.7)
° 14
) _ ;
I'(2+n) r _n)/ 7 &k for —2.< Re(n) <—1 (4.8)
— 1 = —t ;—2—n_r; . _t
== —n)/o et 1F1(1.1.§) dt for 1+ Re(n) < 0 (4.9)
If a =c =2, then
2, —n—2; 1] _ ~1) 1(2) P%>"(0) :
2F [ 2 3 2:| - ( T'(0) . (4.10)
X 9P (2+k, —2+k —n; 2+ k; 20)(—2 — n)k( — 20)* o
:Z o F1(2 + - n —Lf-‘ 0)(—=2 —n)x(5 — 20) for( not(zg € R and 1 < zp < oc)) (4.11)
k=0 :
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== I'(e) 3 / —1+a+c—n N i—ain - 2
R /0 (1—1) (1-5) " dt for Re(c) > Re(—a+n) > 0. (3.2)
- F(P) /x . a—c l =G —1+a+ec—n o ; ‘
S | () (z‘+ 2) t dt for Re(c) > Re(—a+n)>0. (3.3)
B ¢ T(c) /“"‘*” b ,
~ 2rnl(a)T(-a+c¢)T(a+c—n) [(—a+n) — oo+ SR = G siehem N R e R
(3.4)
for maz(0, Re(—c + n)) < < min(Re(a), Re(—a + n))
4. Special cases of the formula
If a =e =0, then
0,n; 1] _(T(0) (1) P{™(0) (=1m) _,
oF} [ A 2] = ( ) =r(1) P{V0) ). (4.1)
= oFi(k,k+n;k; 2 (1 —z0)*
= Z 2 s k'o)(n)k(? 0) for( not(zp € R and 1 < zp < o)) (4.2)
k=0 ’
= 1 = -t ,—14n i i a
e /D et 1 By (0. 0: 2) dt for Re(n) > 0 (4.3)
If a =¢=1, then
JFy [ 1, gp=1s l:l _ p(1) PO+ (4.4)
1 : 2
X oFi(1+k,—14+k+n; 14 k; 20)(—1 4+ n)k(3 — 20)*
- Z 211+ o -I‘:' 120)(71 + (3 —%0) for( not(z; € R and 1 < 25 < <)) (4.5)
k=0 :
> Ress——j(—3)7* T(=1+n—s) I(s)
=dt (4.6)
'(—1+mn)
2 1 (1 = t)l—n t_2+"
—— ; e 2 A
T@—n) F(—1+n)_/0 = dt for 1 < Re(n) < (4.7)
- - /%’]_" dt for 1 <R 2 48
TRy EET é-+t it for 1 < Re(n) < 2 (4.8)
_ 1 - —t 4—24n 3 i
_—F(—1+n)/0 et 1F1(1.1.2) dt for Re(n) > 1 (4.9)
If a = ¢ =2, then
9. n—2; 1] _ (T(=1) r@) P& *™(0) ,
7 [ 2 5] B ( r(0) ) =
o0 T .. 9 2k -9 v A -9 l_z k
- Z oFi(2+k —2+k+ 11,..-;‘1\,~0)( 2+ n)(3 0) for( not(zp € R and 1 <z < o0)) (4.11)
k=0 .

S Resee—;(~3)"* T(~2+n—s) I(s)

o i=0 o
a T(—2+n) (4.12)
_ 4 o € T i il : |
= T T2 /0 ECEy dt for 2 < Re(n) < 4 (4.13)
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1 !3—”

3 A It for 2 < Re <
I'(4—n) I'(-2+n) A (%+[)2 LRI e(n)

1 - -t ,=34+n_ 17 (o
= g g Fi(2:2;
I*(_—Q‘*u)_A : : 1(

, T | I'(1 —n) T(n) P1%(0)
_21,1[::. 0; _]:(( n) I'(n) P_, H). (41

L
—
W
—

) dt for Re(n) > 2

wl ~
(8=
o
[V
—

If a = ¢=n, then

2 '(0)

&

2 oFi(k+n,k;k+n;20) (05 — 20)* .
Z 1 s ll‘ll 20)(Dx(3 v for( not(z; € R and 1 < z5 < o)) (4.1

k=0

5. Derivation of the formulae

o—k I'a+k) T'(—a+n+k)

B8 Sk o0
F @d. n—a:s 1 2 k (a)k (—a+n)k I'(a) I'(—a+n)
o el = —
211 e . 2 _S_ k! ( Vg z : J! I'e+k)

k=0 k=0 I'(¢c)

o0

_Z "Iu+1\)l{—u¢n+1\]1()
= I'(a) I'(—a+n) T'(c+ k)

X {‘2""_“"" I'le) T'(—e+n)(—a+e)k (a+c— n)k} {2""‘ ['(e) T'(e—n)(a)r (—a+ n);,-}
:gl[ k' T(a) T(—a+n)(1+c—n) t; k' T(—a+¢) (a4 c—n)(1 —r~+n)k]
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