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ABSTRACT

The ternary quadratic equation given by 7X2 + 3y2 = 22022 is considered and searched for its many different

integer solution. Five different choices of integer solution of the above equations are presented. A few interesting relations
between the solutions and special polygonal numbers are presented.
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1. INTRODUCTION
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In
particular, one may refer [4-8] for quadratic equations with three unknowns.  This

communication concerns with yet another interesting equation 7X2+3y2:22022

representing homogeneous equation with three for determining its infinitely many non-zero
integral points. Also, few interesting relations among the solutions are presented.

2. NOTATIONS

e L= n™ term of a regular polygon with m sides.
n-1m-2
o[ L >j

e P,, =pronic number of rank n
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=n(n+1)
3 METHOD OF ANALYSIS:

The Quadratic Diophantine equation with three unknowns to be solved is

given by
2 2 2
7xX°+3y° =220z (1)

Consider the linear transformation

X=X -3T
} ()

y=X="7T
Substituting (2) in (1) we get,
7(X2 —972)+3(x 2 + 4972 )= 220T?
7X? +63T2% +3X2+14T2 =220T?
10X ? +210T 2 = 220T

X2 421Y? =227°2 (3)

(3) Is solved through different approaches and the different patterns of solutions of (1) obtained
are presented below.

PATTERN: 1

Assume
z=a’+21b?
(3) Can also be written as
X?+421T% =22*T? (4)
Write ‘22° as

22 = (1+iv21)1-i21)
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In equation (4), we get
(X +iv/21T (X —iv2IT )= (a+i21b)?(a—iv2Ib | (L+iv21)1—iv21)
Consider the positive factor

X +i2IT =(a+iv21b (L +iv21)

X +iy21T = (a2 - 21b? +i2aby21 1 +iv21)

X +iv/21T = (a® — 21b° — 42ab)+ iv/21(a? — 21b? + 2ab)

Equating real and imaginary parts

T=a%-21b% +2ab ©)

X =a?-21b? - 42ab}
From (2), we obtain the non-zero distinct integral solution of (1) as
(A B)=-2a” + 42b* — 48ab
y(A,B)=8a* —168h* — 28ab
2(A,B)=a’ +21b*

PROPERTIES:
1.x(AL)+y(Al1)-82t,, + 76p,, =0(mod2)
2.y(A1)+2z(A1)-37t, , +28p,, =0(mod3)
3.x(A1)-y(A1)-10t, , +20p,, =210

PATTERN: 2

In (4) ‘22’ can also written as

(L9 +3iv21)19 - 3iv/21)

22= o

(6)
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Substituting (4) & (6) in (3) and employing the method of factorization, we get

(¢ 12T (X 2T ) - 120 a2 U9+ 219 321)

Consider the positive factor

X +i~/21T :M(aﬂ«/?l)z

X viair =232 G2 g2 i 1)

X +iv/21T =(19a2 —399b? —126ab )+ i~/21(3a2 — 630 + 38ab)

Equating real and imaginary parts of the above equation, we get

19a2 —399bh? —126ab
5

X =

3a% —63b? +38ab
5

Y =

From (2)
x =2a® — 42b? — 48ab
y =8a® —168b? + 28ab

We obtain the non —zero distinct integral solution of (1) as
X(A,B)=2a” —42b° - 48ab
y(A, B) =8a* —168b° + 28ab

z2(AB)=a’ +21b°
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PROPERTIES:
1. x(A1)+y(A1)-30t, , +20p,, +210=0
2.x(A1)+z(A1)-51t, , +48p,, =0(mod7)
3.y(A1)+z(AL)+19t, , —28p,, +147 =0

PATTERN: 3

Write the equation (4) as

X% 4+21T% =2272*1 )

‘1’ can also be written as

- (2+i\/2_15X22—i«/2_1)

(@)
Write ‘22° as
22 = (1+iv21)1-iv21) ©)
Substituting (7), (8) & (9) in (3) and employing the method of factorization, we get
(X +iv21T | X —iv/21T )=
[(a +iv21bf (a—iv2ib) (L +iv21 )i MZ)]* {(2 i ims)gz - 'Jz_l)} Conside

r the positive factor

(x +im):[(a“m)Z(lwz—l)H(u;m}

i) e £

(X +i/20T )= (~19a? +399b? —126ab)5+ i/6(3a2 — 6302 — 38ab)

‘€ 2021 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713 /epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662

A EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
. Volume: 7 | Issue: 3 | March 2021|| Journal DOI: 10.36713 /epra2013 || SJIF Impact Factor 2021:7.147 ||ISI Value: 1.188

Equating real and imaginary parts of the above equation, we get

_ —19a”+399b” —126ab

X
5
T 3a® —63b” —38ab
5
From (2)

(" 28a* +588b” —12ab
5

_ 2a* —42b* —-392ab
5

Assume a=5A, b=5B in the above equations, we obtain the non-zero integral solution of (1) as
X(A,B)=-140A% +2940B* - 60AB
y(A B)=10A% —210B* —~1960AB

z(A,B)=25A% +525B%
PROPERTIES:
1.x(A1)+ y(A1)-1890t, , +2020p,, = 0(mod5)
2.X(A1)+z(A1)+55t, , +60p,, = 3465
3.y(A1)+z(A1)-1995t, , +1960p,, =0(mod5)
PATTERN: 4
‘1’ can also written as

(2+5iv21)2-5i21)
23°

1:

(10)
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Substituting (10) and (9) in (7) and employing the method of factorization, we get

. [2+5iW21J2-5i121)
23

(X +i421T X -iv21T )= [(a+ W21 (a- W21 1+ V21 fi- iv2ib)

er the positive factor

Consid

(x +ivarr)-[a? - 2107 + i2J2_1ab)(1+im)]{ 2+2i3J2_1 }

(x +i2iT )= [ (7iv21-103)a? —21b% + i2\/2_1ab)}
23

(X + 27T )= (-103a? + 216307 — 294ab)2+3 iv21(7a2 —147b2 — 206ab)

Equating real and imaginary parts of the above equation, we get

_ —103a* +2163b* — 294ab
23

X

_ 7a’® —147b* - 206ab
23

T

From (1) we get

‘o —124a% +2604b* + 324ab
- 23

—103a? + 2163b2 — 294ab
y= 23

Assume a=23A, b=23B in the above equation, we obtain the non-zero distinct integral solution
(1) as

X(A, B)=—2852A% +59892B° + 7452 AB

y(A, B)=—1242A% + 26082B* —39928AB
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z(A,B)=529A% +11109B°
PROPERTUES:
1. x(A1)+z(A1)+9775t, —7452p,, =71001

2.x(A1)—z(A1)+10833t, , —7452p,, = 0(mod3)

3. y(A1)+z(A1)—39215t, , +39928p,, = 37191

PATTERN: 5

(3) Can also written as
X2 -72 =212 -T?)
(X +z)X -2)=2z+T)z-T) (11)
Case: 1

(3) Can be written as in the form of ratio as

X+z  2z-T) «

- (12)
z+1 X -1z Yo

which is equivalent to the system of double equations as

PX —aT +(—a+B)z=0

13

—aX = 2147 +(a+21p)z (13
Solving (13) by method of cross multiplication, we get

X =—a® +21p8° - 42ap

T=a®-218° - 2ap (14)

z=—a?-21p?
Substituting (14) in (2) and the non-zero distinct integer solution of (1) are given by

X(ct, B)=—4a’ +845° — 3603
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y(a, B)=6a’ —1265° +56a3

2(a, B) =—a® — 2137
PROPERTIES:
1. x(e 1)+ y(a,1)—94t, , +92p,, +42=0
2. X(a1)+ 2(a,1)- 31, , +36p,, =0(mod3)
3. y(a1)+2(a1)- 61, , +56p,, +147 =0
Case: 2

Equation (11) can be written as

X+z _z+T _«a
2(z-T) X-z p (15)

Which is equivalent to the system of double equation as

(16)

PX +21aT +(-2la+ B)2=0
—aX + T +(a+B)z=0

Solving (16) by method cross multiplication, we get

X =21a” - B* +42ap
T =21a® - p* -2ap (17)
z=2la’ + p°

Substituting (17) in (2), the non-zero distinct integral solution of (1) is given by
X(ct, B) = —42a° +2 3% + 48afp
y(e, f)=168c* —88% + 28a3

2(a, B) =21’ + p°
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PROPERTIES:
1. x(e1)+ y(a,1)-50t, , —76p,, +6=0
2. X(e1)+ 2(a 1)+ 69, , —48p,, =0(mod3)
3. y(e 1)+ z(er,1)-161t, , —28p,, +7=0

Case: 3

(11) can also be written in the form of the ratio as

X+z 3(:z-T)_a

= 18
7(z+T) X-z p (19
which is equivalent to the system of double equations as
PX =TaT +(-Ta+B)z=0
19
—aX —3fT +(a+38)=0 39)
Solving (19) by method of cross multiplication, we get
X =-Ta® +3p% -42ap
T =7a%-38%-2ap (20)

z=-Ta" -3p°
Substituting (20) in (2), the non-zero distinct integral solution of (1) is given by
X(ct, B) = —28a* +12 3% — 3603
y(a, B) = 42a* —188° 560

2(a, B)=—Ta® —3p°
PROPERTIES:

1. x(e1)+ y(e,1)-1086t, , +92p,, +6=0
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2. X(a 1)+ 2(a1)-t, , +36p,, =0(mod9)
3. y(e )+ z(e,1)- 91, , +56p,, +21=0
Case: 4

(11) can be written in the form of the ratio as

X +2 _7(z—T):g

3z+T) X-z f @)

which is equivalent to the system of double equations is

Px—3aT +(=3a+ B)z=0 }

—aX 7T +(a+78)z=0 22

solving (22) by method of cross multiplication, we get

X =3a? -78% +42ap
u=-3a’+78%+2ap (23)
T =3a®+7p%

Substituting (23) in (2), the non-zero distinct integral solution of (1) is given by
X, B)=12a* — 288° +36a
y(a, ) =—18a” +428° + 5603

2(a, B)=3a” +7°
PROPERTIES:

1. x(e 1)+ y(a,1)+98t, , —92p,, =0(mod7)
2. X(e )+ 2(e,1)+21t, , —36p,, +21=0

3. y(e 1)+ 2( 1)+ 71, , —56p, , =49
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Case: 5

(11) can be written in the form of the ratio as

X -1z :3(Z+T):g 24)

7(z-T) X+T p

which is equivalent to the system of double equations as

PX+7aT —(Ta+ B)=0 }

25
—aX +3fu+(—a+38)=0 )
Solving (25) by method of cross multiplication, we get

X =-Ta® +38% +42ap
T =7a?-38%+2ap (26)
z=Ta®+3p°

Substituting (26) in (2), the non-zero distinct integral solutions of (1) are given by
X(ct, B)=—28ac* +123° + 3608
y(a, B) = 42a* —185° + 560
2(a, B)=Ta” +3p°

PROPERTIES:

1. x(e )+ y(a1)+ 78, ,, —92p,, +6=0
2. x(e 1)+ z(e,1)+57t, , —36p,, =0(mod5)
3. y(@1)+2(a )+ 7, ,, —56p,, +15=0

CONCLUSION

In this paper, we have made an attempt to obtain infinitely many non-zero distinct integer
solutions to special ternary quadratic Diophantine equation 7x?+3y” = 220z°. In each case, a
few interesting relations among the solution are presented. As the Diophantine equations are
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rich in variety, one may search for integer solutions to higher degree Diophantine equations with
multiple variables along with suitable properties.
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