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ABSTRACT 

 The ternary quadratic equation given by 
222 22037 zyx   is considered and searched for its many different 

integer solution. Five different choices of integer solution of the above equations are presented.  A few interesting relations 

between the solutions and special polygonal numbers are presented. 
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1. INTRODUCTION 

The Diophantine equations offer an unlimited field for research due to their variety [1-3].  In 

particular, one may refer [4-8] for quadratic equations with three unknowns.  This 

communication concerns with yet another interesting equation 
222 22037 zyx   

representing homogeneous equation with three for determining its infinitely many non-zero 

integral points.  Also, few interesting relations among the solutions are presented. 

2. NOTATIONS 

 
th

nm nt ,  term of a regular polygon with m sides. 

          
  








 


2

21
1

mn
n  

 
nrp pronic number of rank n 
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            1 nn  

3 .METHOD OF ANALYSIS: 

The Quadratic Diophantine equation with three unknowns to be solved is  

given by 

          
222 22037 zyx 

                                                                 (1)        

Consider the linear transformation                                                               

            









TXy

TXx

7

3
                                                                         (2)                                             

Substituting (2) in (1) we get, 

            22222 22049397 TTXTX   

        
22222 220143637 TTXTX   

        TTX 22021010 22   

        
222 2221 ZYX                                                                  (3)                                       

(3) Is solved through different approaches and the different patterns of solutions of (1) obtained 

are presented below. 

PATTERN: 1 

  Assume  

        
22 21baz                                                                                                          

(3) Can also be written as 

        
222 *2221 TTX 

                                                           
 4  

Write ‘22’ as 

           21121122 ii         
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In equation (4), we get                                                                                

         21121121212121
22

iibiabiaTiXTiX   

Consider the positive factor 

               2112121
2

ibiaTiX   

             2112122121 22 iabibaTiX   

         
   abbaiabbaTiX 22121422121 2222   

Equating real and imaginary parts 

            










abbaT

abb

221

4221aX 
    

22

22

                                                      (5) 

         
From (2), we obtain the non-zero distinct integral solution of (1) as 

       
  abbaBAx 48422, 22 

 

      
   abbaBAy 281688, 22            

          22 21, baBAz   

PROPERTIES: 

         1.     )2(mod076821,1, ,4  raa ptAyAx   

        2.      3mod028371,1, ,4  raa ptAzAy  

      3.     21020101,1, ,4  raa ptAyAx  

PATTERN: 2 

 In (4) ‘22’ can also written as 

          

  
25

2131921319
22

ii 
                                                     (6) 
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 Substituting (4) & (6) in (3) and employing the method of factorization, we get 

         
2

22

5

2131921319
21212121

ii
biabiaTiXTiX


  

Consider the positive factor 

 

 

          abiba
i

TiX 21221
5

21319
21 22 


  

          abbaiabbaTiX 38633211263991921 2222   

Equating real and imaginary parts of the above equation, we get 

         5

12639919 22 abba
X


  

       5

38633 22 abba
Y




 

From (2) 

           abbax 48422 22   

           abbay 281688 22   

 We obtain the non –zero distinct integral solution of (1) as 

          
  abbaBAx 48422, 22   

         
abbaBAy 281688),( 22   

          22 21, baBAz   

 

 

 221
5

21319
21 ia

i
TiX 



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PROPERTIES: 

       1.     021020301,1, ,4  raa ptAyAx  

       2.      7mod048511,1, ,4  raa ptAzAx  

      3.     014728191,1, ,4  raa ptAzAy  

     PATTERN: 3 

    Write the equation (4) as  

       1*2221 222 zTX                                                                       (7)          

‘1’ can also be written as 

         

  
25

212212
1

ii 
                                                                    (8) 

Write ‘22’ as 

         21121122 ii                                                                   (9) 

Substituting (7), (8) & (9) in (3) and employing the method of factorization, we get 

  

          







 




2

22

5

212212
2112112121

2121

ii
iibiabia

TiXTiX

Conside

r the positive factor

 

         

        







 


5

212
2112121

2 i
ibiaTiX

 

           

       







 


5

212
2112122121 22 i

iabibaTiX

    

          

     
5

38633612639919
21

2222 abbaiabba
TiX



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 Equating real and imaginary parts of the above equation, we get 

          5

12639919 22 abba
X


  

  

 

From (2) 

 

        

       
5

392422 22 abba
y


  

 Assume a=5A, b=5B in the above equations, we obtain the non-zero integral solution of (1) as 

         
  ABBABAx 602940140, 22   

         
  ABBABAy 196021010, 22   

           22 52525, BABAz   

PROPERTIES:    

         1.      5mod0202018901,1, ,4  raA ptAyAx  

        2.     346560551,1, ,4  rAA ptAzAx  

       3.      5mod0196019951,1, ,4  rAA ptAzAy         

PATTERN: 4 

 ‘1’ can also written  as  

         

  
223

21522152
1

ii 


                                                            
 10

 

5

1258828 22 abba
x




5

38633 22 abba
T



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Substituting (10) and (9) in (7) and employing the method of factorization, we get 

             
2

22

23

21522152
*21121121212121

ii
biibiabiaTiXTiX




Consid

er the positive factor 

          
       








 


23

2152
*2112122121 22 i

iabibaTiX
 

          
    








 


23

21221103217
21

22 abibai
TiX

 

        
     

23

2061477212942163103
21

2222 abbaiabba
TiX




 

Equating real and imaginary parts of the above equation, we get 

          23

2942163103 22 abba
X




 

 

 

From (1) we get 

        23

3242604124 22 abba
x




 

       23

2942163103 22 abba
y




 

Assume a=23A, b=23B in the above equation, we obtain the non-zero distinct integral solution 

(1) as 

      
  ABBABAx 7452598922852, 22 

 

     
  ABBABAy 39928260821242, 22 

 

23

2061477 22 abba
T



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  22 11109529, BABAz 

 

PROPERTUES: 

      
.1     71001745297751,1,

,4
 rAptAzAx

A  

     
.2      3mod07452108331,1, ,4  rAA ptAzAx

 

    
.3     3719139928392151,1, ,4  rAA ptAzAy

 

  
PATTERN: 5

 

(3)  Can also written as  

        2222 21 TzzX   

          TzTzzXzX  21                                                    (11) 

Case: 1  

(3)  Can be written as in the form of ratio as 

        

 














zX

Tz

z

zX 21

1
                                                              (12) 

which is equivalent to the system of double equations as 

       

 

  







zTX

zTX





2121

0
                                                        (13) 

Solving (13) by method of cross multiplication, we get 

       














22

22

22

21

221

4221







z

T

X

                                                         (14) 

Substituting (14) in (2) and the non-zero distinct integer solution of (1) are given by 

       
   36844, 22 x  
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   561266, 22 y

 

       
22 21),(  z

 
 

PROPERTIES: 

      .1     04292941,1, ,4   rptyx  

     .2      3mod036311,1, ,4   rptzx  

     .3     014756611,1, ,4   rptzy  

Case: 2 

Equation (11) can be written as 

           













zX

Tz

Tz

zX

21                                                              (15)

 

Which is equivalent to the system of double equation as 

       

 

  







0

02121

zTX

zTX





                                               

 16

 

Solving (16) by method cross multiplication, we get 

        














22

22

22

21

221

4221







z

T

X

                                                           (17) 

Substituting (17) in (2), the non-zero distinct integral solution of (1) is given by 

        
   48242, 22 x  

        
   288168, 22 y  

         2221,  z  
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PROPERTIES: 

        .1     0676501,1, ,4   rptyx  

        .2      3mod048691,1, ,4   rptzx  

       .3     07281611,1, ,4   rptzy  

Case: 3 

 (11)  can also be written in the form of the ratio as 

      
 















zX

Tz

Tz

zX 3

7
                                                            (18) 

which is equivalent to the system of double equations as 

        

 

  







033

077





TX

zTX
                                                 (19) 

Solving (19) by method of cross multiplication, we get 

          
















22

22

22

37

237

4237







z

T

X

                                                     (20) 

Substituting (20) in (2), the non-zero distinct integral solution of (1) is given by 

        
   361228, 22 x  

       
   561842, 22 y  

         22 37,  z  

PROPERTIES: 

    .1      06921061,1, ,4   rptyx     
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   .2      9mod0361,1, ,4   rptzx    

   .3     02156911,1, ,4   rptzy      
 

Case: 4 

 (11)  can be written in the form of the ratio as 

         
 















zX

Tz

Tz

zX 7

3
                                                            (21) 

which is equivalent to the system of double equations is 

       
 

  







077

033

zTX

zTx




                                                    (22) 

solving (22) by method of cross multiplication, we get 

        














22

22

22

73

273

4273







T

u

X

                                                         (23) 

Substituting (23) in (2), the non-zero distinct integral solution of (1) is given by 

      
   362812, 22 x  

     
   564218, 22 y  

       22 73,  z  

PROPERTIES: 

      .1      7mod092981,1, ,4   rptyx  

     .2     02136211,1, ,4   rptzx  

    .3     4956711,1, ,,4   rptzy  
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Case: 5 

 (11)  can be written in the form of the ratio as 

      
 















TX

Tz

Tz

zX 3

7
                                                             (24) 

which is equivalent to the system of double equations as 

      

 

  







033

077





uX

TX
                                                  (25) 

Solving (25) by method of cross multiplication, we get 

        














22

22

22

37

237

4237







z

T

X

                                                     (26) 

Substituting (26) in (2), the non-zero distinct integral solutions of (1) are given by 

        
   361228, 22 x  

       
   561842, 22 y  

         22 37,  z  

PROPERTIES: 

       
.1     0692781,1, ,4   rptyx

 

      
.2      5mod036571,1, ,4   rptzx

 

     
.3     0155671,1, ,4   rptzy

 

CONCLUSION 

            In this paper, we have made an attempt to obtain infinitely many non-zero distinct integer 

solutions to special ternary quadratic Diophantine equation  7x2+3y2 = 220z2.   In each case, a 

few interesting relations among the solution are presented.  As the Diophantine equations are 
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rich in variety, one may search for integer solutions to higher degree Diophantine equations with 

multiple variables along with suitable properties.  
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