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ABSTRACT 

 The ternary quadratic equation given by
222 1321124 zyxyx  is considered and searched for its 

many different integer solution . Five different choices of integer solution of  the above equations are presented .A 

few interesting  relations between the  solutions and special polygonal numbers are presented. 
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    1. INTRODUCTION 

        The Diophantine equation offer an unlimited field for research due to their variety [1-3].In 

particular ,one may refer [4-15] for quadratic equations with three unknowns .  This 

communication concerns with yet another interesting equation 
222 1321124 zyxyx   

representing homogeneous equation with three for determining its infinitely Many non -zero 

integral points.  Also , few interesting relations among the solutions are  presented. 

     2. NOTATIONS 
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     3. METHOD OF ANALYSIS 

The Quadratic Diophantine equation with three unknowns to be  solved 

is given  by,   

                    222 1321124 zyxyx                          (1)

substituting 

Uyx 32            (2)

in (1) we get, 

 

222 1312 zyU        (3) 

 (3)  is solved through different approaches and the different patterns   of 

solutions (1) obtained are presented below. 

PATTERN:1 

Assume 

Z  a 2   12b 2  

(3) can also be written as, 

                          
222 1312 ZYU                                                                      

write ‘13’ as, 

                            )121)(121(13 ii  

 

in equation (3),we get, 

        
                         

12121211211212
22

biabiayiyiyiUyiU 

   

Equating positive  terms 

http://www.eprajournals.com/


ISSN (Online): 2455-3662 

       EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal 
          Volume: 7 | Issue: 3 | March 2021|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021:7.147 ||ISI Value: 1.188 

 

 

                                                   2021 EPRA IJMR    |     www.eprajournals.com   |    Journal DOI URL: https://doi.org/10.36713/epra2013 100 
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Equating real and imaginary parts 

               

         











 2

24

22

22

aby

abU

ba

ba

                                                                     (4)          

From (2) 

   Uyx  32  

we obtain the non-zero distinct integral solution of (1) as 

  abbabax 9242, 22   

abbabay 212),( 22   

  22 12, babaz   

PROPERTIES: 

[1] atazay a 3)1,()1,( ,6   

[2]     222)1,()1,(
2

,4 atpraazaay aa  is perfect square 

[3] 3729),1(),1( ,4  bb prtbybx  

 

PATTERN:2 

‘13’ can also be written as 
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2

12141214
13

ii 


                                                      (5)
 

Substituting (5) in (3) and employing the method of factorization,  

we get, 

             22

2
1212

4

12141214
1212 biabia

yiyi
yiUyiU 


         

Consider  the positive factor, 

                         

    

 

    abbaiabba

abiba
i

bia
i

yiU

281212241214
4

1
                   

12212
4

1214
                   

12
4

1214
12

2222

22

2
















 







Equating real and imaginary parts of the above equation, we get 

 

4

24168 22
14 abb

U a 
  

4

2812 22 abba
y
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From (2) 

22

22

22

12

4

2812

2

6020417

32     

baz

abba
y

abba
x

Uyx











 

Assume a =4A, b =4B in the above equations, we obtain the non- zero 

distinct integral solution of (2.1) as 

                      

 

 

   22

22

22

1216,

112484,

12040834,

BABAZ

ABBABAy

ABBABAx







 

PROPERTIES: 

  
2

,4 36448232230)1,()1,( AprtAyAx AA   is a perfect square. 

   20112),1(2),1(3  BprBBy  is a nasty number. 

  )2(mod054)1,()1,()1,(  aprAzAyAx  

 

PATTERN:3 

1 can be written as, 

                         
  

27

1211221
1

ii 
                                                      (6)

substituting (6) in (3) we get, 
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2

22

7

12211221
12121211211212

ii
biabiaiiyiUyiU




  

Equating positive terms we get, 

                                     
7

1221
1212112

2 i
biaiyiU


      

   





  abbaiabba 46363127227623
7

1 2222

 

Equating real and imaginary parts we  get, 

 

 
            

46363
7

1

7227623
7

1

22

22














abbay

abbaU

From

yxU 32 
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Assume Aa 7 , Bb 7  in the above equation , we obtain the non-zero 

distinct integral solution of (2.1) as, 

                             

 

   

   22

22

22

1249,

463637,

151249),(

BABAZ

ABBABAy

ABBABAx







 

PROPERTIES: 

[1] 336Pr322392)1,()1,( ,4  AAtAzAy  

[2] )3(mod0Pr10571029)1,()1,( ,4  AAtAyAx  

[3] )5(mod0735Pr735)1,()1,( ,4  AA tAzAx  

 

 

PATTERN 4 

13 can also be written as, 

 

                                                 

  
24

12141214
13

ii 


                 

Write 1 as, 

                   

  
27

12211221
1

ii 
  

Equating  positive terms we get,  
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    abbaiabba
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yiU

20348291269612010
28
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2222
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Equating real and imaginary parts,

  

 abbay

abbaU

2034829
28

1

69612010
28

1

22

22





     (8) 

 From  (2) 

                 yxU 32   

                     

 

 

22

22

22

12

2034829
28

1

75692477
56

1

baz

abbay

abbax







 

Assume Aa 56 , Bb 56  in the above equation , we obtain  the non-

zero distinct integer solution of (1) are given by, 

   

   

   22

22

22

123136,

2034829112,

7569247756,

BABAz

ABBABAy

ABBABAx
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PROPERTIES 

[1] 0(mod2)4457652136)1,()1,( ,4  AA prtAyAx  

[2] 127684009641160)1,()1,( ,4  AA prtAyAx  

[3] 141124233649784)1,()1,( ,4  AA prtAzAx  

PATTERN 5 

  Equation (3) can be written as, 

                         2222 1212 zzyU   

                    2222 12    yzzU   

                                yzyzzUzU  12                                      (9) 

                                                                                           
Case1  

 Equation (9) can also be written as,  

  
 
  





















zU

yz

zU

zU
12   

Which is equivalent to the system of double  equation as, 

 

                    

 

  











01212

0

yzU

yzU





                                    (10)
 

Solving (10) by the method of cross multiplication, we get 

http://www.eprajournals.com/


ISSN (Online): 2455-3662 

       EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal 
          Volume: 7 | Issue: 3 | March 2021|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021:7.147 ||ISI Value: 1.188 

 

 

                                                   2021 EPRA IJMR    |     www.eprajournals.com   |    Journal DOI URL: https://doi.org/10.36713/epra2013 107 

                   





















22

22

22

12

212

2412







z

y

U

                                             (11)

 

  Substituting (11) in (2), the non-zero distinct integer solution of(1) are 

given by, 

 

 

  22

22

22

12,

212,

1512,













z

y

x

 

PROPERTIES 

[1] )2(mod01719)1,()1,( ,4   rtyx  

[2] 01313)1,()1,( ,4   rtyx  

[3] )3(mod01515)1,()1,( ,4   rtzx  
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Case 2 

Equation (9) can  also be written as , 

 



 
 

 
  













zU

yz

yz

zU
4

3
 

Which  is equivalent  to the system of double equation as, 

 

  











033

044

yzU

yzU





     (12)

Solving (12) by method of cross multiplication, we get 

    





















22

22

22

43

243

2443







z

y

U

 (13) 

 

Substituting (13) in (3) ,the non-zero distinct   integer solution of (1) are 

given by,           

 

 

  22

22

22

43,

243,

1543,













z
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PROPERTIES 

[1] )2(mod01723)1,()1,( ,4   rtyx  

[2] 01313)1,()1,( ,4   rtyx  

[3] 81515)1,()1,( ,4   rtzx  

Case: 3 

(9) can be written in the form of ratio as, 

 

          
 
 

 
  













zU

yz

yz

zU
26  

 

which is equivalent to the system of double equation is, 

 

 

  











022

066

yzU

yzU





                                                         (14)
 

            

Solving (14) by method of cross multiplication, we get 

 

   2426 22 U  

    226 22 y
      

(15) 

                                         
22 26  z                 
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substituting (15) in (2), the non-zero distinct integer solution of (1) 

are given by, 

   1526, 22 x  

   226, 22 y  

  22 26,  z  

 

PROPERTIES 

[1] )2(mod01729)1,()1,( ,4   rtyx  

[2] 01313)1,()1,( ,4   rtyx  

[3] 41515)1,()1,( ,4   rtzx  

Case: 4 

Equation (9) can also be written as 

 

                        

 
 

 
 zU

yz

yz

zU









62

 

Which is equivalent to the system of double equations as, 

  022  yzU   

          066  yzU   

Solving above equation by method of cross  multiplication, we get 

      2462 22 U       (16) 

                         262 22 y  
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22 62  z  

Substituting (16) in (2), the non-zero distinct integer solution of (1) 

are given by, 

   1562, 22 x  

   262, 22 y  

  22 62,  z
 

PROPERTIES 

[1] )3(mod01721)1,()1,( ,4   rtyx  

[2] 01313)1,()1,( ,4   rtyx  

[3] 121515)1,()1,( ,4   rtzx  

Case: 5 

Equation (9) can be written as, 

 

 
 

 
  













zu

yz

yz

zU
34

 
 

which is equivalent to the to double equations as,                    

               

 

  033

044





yzU

zU





                                                            (17)                              

Solving (17) by method of cross multiplication, we get 

http://www.eprajournals.com/


ISSN (Online): 2455-3662 

       EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal 
          Volume: 7 | Issue: 3 | March 2021|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021:7.147 ||ISI Value: 1.188 

 

 

                                                   2021 EPRA IJMR    |     www.eprajournals.com   |    Journal DOI URL: https://doi.org/10.36713/epra2013 112 



22

22

22

34

234

2434













z

y

U

                                                               

(18)

 

        Substituting (18) in (2), the non-zero distinct integer solution of (1) are       

given by, 

       1534, 22 x  

                       234, 22 y  

                    22 34,  z  

PROPERTIES 

[1] )3(mod01725)1,()1,( ,4   rtyx  

[2] 01313)1,()1,( ,4   rtyx  

[3] 61515)1,()1,( ,4   rtzx  

 

CONCLUSION 

In this paper ,we have presented infinitely many non-zero distinct 

integer solution to the ternary quadratic  equation 4x
2
 -12xy+21y

2
=13z

2
 

representing a homogeneous cone . As diophantine equation are rich in 

variety , to conclude, one may search for other forms of three dimentional 

surfaces , namely , non-homogeneous cone , paraboloid , ellipsoid 

,hyperbolic paraboloid and so on for finding integral points on them and 

corresponding properties 
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