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ABSTRACT

2 2 2
The ternary quadratic equation given by 4x —12xy + 21y =132 is considered and searched for its

many different integer solution . Five different choices of integer solution of the above equations are presented .A
few interesting relations between the solutions and special polygonal numbers are presented.
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1. INTRODUCTION
The Diophantine equation offer an unlimited field for research due to their variety [1-3].In
particular ,one may refer [4-15] for quadratic equations with three unknowns . This

communication concerns with yet another interesting equation 4X> —12xy +21y* =13z°

representing homogeneous equation with three for determining its infinitely Many non -zero
integral points. Also , few interesting relations among the solutions are presented.

2. NOTATIONS

e t,,=n" term of a regular polygon with m sides.

_ n(1+ (n—1)m- 2)j

2
e Pr, =pronic number of rank n
=n(n+1)
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3. METHOD OF ANALYSIS

The Quadratic Diophantine equation with three unknowns to be solved
Is given by,

4x? —12xy +21y* =13z° (1)

substituting

2x—-3y=U

in (1) we get,

U?®+12y* =13z° (3)

(3) is solved through different approaches and the different patterns of
solutions (1) obtained are presented below.

PATTERN:1
Assume

z=(a*+12b)
(3) can also be written as,
U?+12Y2 =137
write ‘13’ as,
13= (1+iV12)(1-i,/12)
in equation (3),we get,

U +ivizyJu —ivi2y)=[L+ivi2y Ji-ivizyJa+ivi2b (a+ivi2bf

Equating positive terms
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U +iv/12y)=[1+iv/12 [a? —12b? +i+/12ab
(
= (a® —b? —24ab)+i/12(a* —12b? + 2ab)

Equating real and imaginary parts

u=3° —b2—24ab}

2 2
y=a —pb +2ab )

From (2)
2x -3y =U

we obtain the non-zerodistinct integral solution of (1) as
x(a,b) = 2a® — 24b* — 9ab
y(a,b) =a*-12b* + 2ab
z(a,b)=a®+12b”

PROPERTIES:

[1] y(@l+z@l)-t;, =3a
[2] y(a.a+1)+z(a,a+1)—2pr, +2t,, =(2a)° is perfect square

(3] X@Lb)+y@Lb)+29%,, +7pr, =3

PATTERN:2
‘13’ can also be written as
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13=

(14+ivi2)14-ivi2)
2

Substituting (5) in (3) and employing the method of factorization,

we get,

0 T2y -ivizy)- B AN i

Consider the positive factor,

+ivizy)- B2 o
_ (—14 jﬁj(az ~12b% +i2abV12)

- %[14(512 ~12b - 24ab )+ iv12(a? ~12b” + 28ab)

Equating real and imaginary parts of the above equation, we get

U - 14a° -168b* — 24ab
B 4
a? —12b? +28ab
y= 4
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From (2)

2x—-3y=U

17a® — 204b? + 60ab

2
a?—12b? +28ab
y e
4
z=a%+12b?

Assume a =4A, b =4B in the above equations, we obtain the non-zero

distinct integral solution of (2.1) as

x(A,B)=34A% - 408B° +120AB

y(A,B)=4A%* - 48B* +112AB

Z(A,B)=16(A% +128?)
PROPERTIES:

> X(AD)+y(Al) +230t, , —232pr, +448=36A is a perfect square.

> 3y B)+2(1 B)—~112pr, —20] is a nasty number.

> X(AD+y(AD+z(Al) +54pr, =0(mod 2)

PATTERN:3
1 can be written as,
| fe2iv)i-iviz)

72

(6)

substituting (6) in (3) we get,
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U +ivizy)u —ivizy)= i+ ivi2fi-iviz fa + ivi2b) (a - ivi2b) b 2i\/ﬁle—2i\/ﬁ)
7

Equating positive terms we get,

<U + i\/ﬁy): (1+ i\/EXa+ i\/ﬁb)2 £1+27'—\/E)

% [(— 2342+ 276b2 —72ab )+ iy/12[3a2 —36b2 - 46ab)}

Equating real and imaginary parts we get,

u =%(— 23a’ + 276h” — 72ah)

y= %(:aa2 —36h? - 46ah)

From (2) (7)

U=2x-3y

2% = %(14a2 +168b% — 210ab)

— X = %(— 7a® +84b? —105ab)

y = %(3a2 —36b° — 46ab)

z=a%+12b?
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Assume a=7A,b=7B in the above equation , we obtain the non-zero

distinct integral solution of (2.1) as,

X(A, B) = 49(— A’ +12B? —15AB)
y(A, B)="7(3A% —36B2 — 46 AB)

Z(A, B)=49(A? +12B?)

PROPERTIES:

11 Y(A1)+z(A1)—-392t, , +322Pr, =336
121 X(A1) + y(Al)-1029t, , +1057 Pr, = 0(mod 3)

[3]1 X(Al)+z(Al)+735Pr,—735t, , =0(mod5)

PATTERN 4
13 can also be written as,

- (14+i\/1_24X214—i\/E)

Write 1 as,
. l+2ivizfi-2iVi2)
72

Equating positive terms we get,
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 +ivizy)- B M) 10 22

- % |(~10a% +1200 — 696ab)-+ iv/12(29a — 3480 — 20ab)|

Equating real and imaginary parts,

U= Zis(—loa2 +120b? - 696ab)

(8)
1
= —(29a* —348b* — 20ab
Y= 35250 o)
From (2)
U =2x-3y
X = %(77a2 —924h? —756ab)

y = 2i8 (29a® — 348b* — 20ab)

z=a’+12b?
Assume a=56A,b=56B in the above equation , we obtain the non-

zero distinct integer solution of(1) are given by,

X(A, B) =56(77A% —924B? — 756 AB)
y(A, B) =112(29A% — 348B? — 20AB)

7(A,B)=3136(A? +12B?)
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PROPERTIES
[1] X(AL) + y(AL) —52136t, , +44576pr, = 0(mod2)
[2] X(A1) - y(Al)—41160t, , + 40096 pr, = —12768
(3] X(Al)+2z(Al) 49784, , + 42336 pr, = 14112
PATTERN 5
Equation (3) can be written as,
U?+12y* =127% + 22
U?-z? :12(22 —~ y2)
U+2)U-2)=12(z+y)z-y) (9)

Casel
Equation (9) can also be written as,

(25

Which is equivalent to the system of double equation as,

U +2(f-a)-ay=0

—aU +2(128+a)-12py =0 (10)

Solving (10) by the method of cross multiplication, we get
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U =—a?-12/% + 24ap)

y=—a’+128° + 2af

(11)

z=a’ +12,B2

J

Substituting (11) in (2), the non-zero distinct integer solution of(1) are

given by,
X(a, B) = —a® +128° +15af3
y(a, B)=-a® +125° + 2ap3
2(a, B) = a® +12/°
PROPERTIES

[1] x(ex,)) + y(e 1) +19t, , —17Pr, =0(mod 2)
[2] x(a1) - y(er,]) +13t, , —13Pr, =0

[3] x(,)) + z(x,1) +15t, ,—15Pr, = 0(mod 3)

€ 2021 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

ISSN (Online): 2455-3662

A EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal
. Volume: 7 | Issue: 3 | March 2021|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021:7.147 ||ISI Value: 1.188

Case 2
Equation (9) can also be written as,

U+2)_,(-y) _a

z+y) WU-2) B
Which is equivalent to the system of double equation as,

—aU +z(a+4B)-4py =0

AU +2(8-3c)-3ay =0 (12)
Solving (12) by method of cross multiplication, we get

U =3a? - 482 + 24ap)

y =-3a’ + 4% + 20

z =3a? +4ﬂ2 (13)

Substituting (13) in (3) ,the non-zero distinct integer solution of (1) are

X(et, )= —3a® + 4% +15af3

given by, Vet p)=—3a* +4p° + 2ap

2(a, p)=3a> +455°
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PROPERTIES
[1] x(a) + y(a1) +23t,,, —17Pr, = 0(mod 2)
[2] x(a,) — y(a1) +13t,,, —13Pr, =0
[3] x(a) + z(ar, 1) +15t, , —15Pr, =8
Case: 3

(9) can be written in the form of ratio as,

which is equivalent to the system of double equation is,

AU +2(B—6a)-6ay =0

—oU +2(2B8+a)-2py=0

(14)
Solving (14) by method of cross multiplication, we get
U =6a’-24%+24ap
y =60’ + 2%+ 2ap (15)

z=6a’+2p°
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substituting (15) in (2), the non-zero distinct integer solution of (1)

are given by,

X(a, B)=—6a* +2B° +15ap

y(a, B)=6a® + 2% + 208

2(a, B)=6a* +2°

PROPERTIES
[1] x(e)) +y(e1) +29t, , —17Pr, = 0(mod 2)

[2] (1) - y(a1)+13t,,, —13Pr, =0
[3] (1) + z(ar ) +15t, , —15Pr, =4

Case: 4
Equation (9) can also be written as

U+z) _(z-y)
“Gry) " "U2)

Which is equivalent to the system of double equations as,
pU +2(f-2a)-2ay =0
—aU +2(68+a)-6p8y =0
Solving above equation by method of cross multiplication, we get

U =2a%-64%+24ap (16)

y=—2a’+68%-2ap
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z=2a%+6p3"

Substituting (16) in (2), the non-zero distinct integer solution of (1)

are given by,
X(a, f)=—-2a® + 6% +15af
y(a, p)=-2a* +68% +2ap
2(a, B)=2a* +63°
PROPERTIES

[1] x(e))+y(al)+21t, , —17Pr, =0(mod3)
2] x(a.))-y(a)+13t, , -13Pr, =0
[3] x(e.1) +z(e 1) +15t, , —15Pr, =12

Case: 5
Equation (9) can be written as,

which is equivalent to the to double equations as,

PJ +12(B-4a)-baf=0

(17)
—aU +2(a+38)-38y =0

Solving (17) by method of cross multiplication, we get
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U =4a®-38° +24ap
y=—4a’ +3B% +2ap

z=4a’ +3p°

(18)
Substituting (18) in (2), the non-zero distinct integer solution of (1) are

given by,
X(ct, B) = —4a® +3p% +15a8
y(a, B) = —4a’® +38° + 2ap
2(a, B)=4a® +3p°
PROPERTIES
[1] x(e))+y(a)+25t, , —17Pr, =0(mod3)
2] x(a) - y(a)) +13t, , —13Pr, =0

[3] x(a1)+2z(ax1) +15t,,, —15Pr, =6

CONCLUSION
In this paper ,we have presented infinitely many non-zero distinct

integer solution to the ternary quadratic equation 4x° -12xy+21y*=137
representing a homogeneous cone . As diophantine equation are rich in
variety , to conclude, one may search for other forms of three dimentional
surfaces , namely , non-homogeneous cone , paraboloid , ellipsoid
,hyperbolic paraboloid and so on for finding integral points on them and
corresponding properties
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