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ABSTRACT
The homogeneous ternary quadratic diophantine equation given by 72> =Dx* + y2, D =odd primeis

analyzed for its non-zero distinct integer solutions through different methods. Also, formulae for generating
sequence of integer solutions based on the given solutions are presented.
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INTRODUCTION
It is well known that the quadratic diophantine equations with three unknowns (homogenous
(or) non-homogenous) are rich in variety [1,2]. In particular, the ternary quadratic diophantine

equations of the form z? = Dx? + y?are analyzed for values of D = 29,41,43,47,55,61,63,67 in [3-
10]. These results motivated us to obtain non-zero distinct integer solutions to the homogeneous
ternary quadratic diophantine equation given by z° = Dx* + y*, D =odd prime through different

methods. Also, formulas for generating sequence of integer solutions based on the given solutions are
presented.

METHOD OF ANALYSIS
The ternary quadratic diophantine equation to be solved for its integer solutions is
z° = Dx* + y*,D =odd prime 1)

We present below different methods of solving (1)
Method: 1

(1) is written in the form of ratio as

2ty _ DX _a@ 5.0 )
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which is equivalent to the system of double equations

ax—py—pz=0
Dxg+ay—az =0

Applying the method of cross-multiplication to the above system of equations, one obtains
x=xX(a,B)=2ap

y=y(a p)=a®-Dp?

2=2(a,f)=a’ +Dp’
which satisfy (1).

Note: 1
It is observed that (1) may also be represented as below:

Y _ X 2 pag
Dx z-y fB’

Employing the procedure as above , the corresponding solutions to (1) are given by :
X =2ap, y=Da’ - p% 7=Da’ + 5
Method: 2
(1) is written as the system of double equations in Table 1 as follows:

Table: 1 System of Double Equations

System | 11 ]
2 2

Z+y= Dx X Dx

Z-y= X D 1

Solving each of the above system of double equations, the values of X,y & z satisfying (1) are
obtained. For simplicity and brevity, in what follows, the integer solutions thus obtained are exhibited.

Solutions for system: |

X =Kk, yzwk , Z:(D—;—l)k

2
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Solutions for system: 11

X =2k +1, y=2k2+2k—(D_1) 7= 2k? 4+ 2k + OB
Solutions for system: 111

X =2k +1, y:D(2k2+2k)+(D_1), z:D(2k2+2k)+(D—2+1),
Method: 3
Let z=y+Kk, k#0 3

. (1)= 2ky = Dx* —k?

Assume
x=k(2x+1) (4)
y=D(2ka2+2ka )+(D_1)k (5)
In view of (3),
2= D (2ka? + 2ka )+ PV (6)
Note that (4), (5), (6) satisfy (1).
Method: 4
(1) is written as
y2-|-DX2 =ZZ=22 *1 (7)
Assume z as
z =a? + Db? (8)
Write 1 as

[p-1+i2/D] [p-1-i2/D]

1=
(D +1)?

9)
Using (8) & (9) in (7) and employing the method of factorization, consider

(y+iyox)=(a+ivDb f. p-1+i2D |

(D+1)
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Equating the real&imaginary parts, it is seen that

x:(DlJrl)[Z(D—l)ab+2[a2—Db2]] -
y=(D1+1)[( D-1)[a? - Db?|- 4Dab]

Since our interest is to find the integer solutions, replacing a by (D +1 ) A& b by ( D+1) B in
(10) & (8) , the corresponding integer solutions to (1) are given by
x=x(AB)=(D+1)[2(D-1)AB+2 A>-DB? ||,
y=y(AB)=(D+1)[(D-1)[ A°-DB? |-4DAB]|
z=7(AB)=(D+1)[A>+DB? |

Note 2:
It is worth to observe that, one may write 1 as follows:

(Dr? —s?)+ivD -2rs|(Dr? —s?)-ivD - 2rs]

1=
(Dr2+s?)

szz +2k—(DZ_1)j+i\/5(-2k +1}[(2k2 £k (Dz‘l)j-iﬁ-(Zk +1)}

1= 5
(Zk2 +2k +(D+1)j
2

[(ZkZ +2k)D+ (Dz_l)

+iVD(2k +1}[(2k2 L 2D+ (02—1) _ivD - (2 +1)}
1=

2
(2k? + 2D+ P FY

Following the above procedure,one may obtain difference sets of integer solutions to (1).
Method 5:

(1) is also written as
ZZ_DXZ =y2 =y2 *1

Assume y as
y=a’—-Db’

Note that 1 may be represented as follows:

€1 2021 EPRAIJMR | www.eprajournals.com | Journal DOI URL: https://doi.org/10.36713/epra2013


http://www.eprajournals.com/

5

ISSN (Online): 2455-3662

‘s, EPRA International Journal of Multidisciplinary Research (IJMR) - Peer Reviewed Journal

Volume: 7 | Issue: 5 | May 2021|| Journal DOI: 10.36713/epra2013 || SJIF Impact Factor 2021: 8.047 || ISI Value: 1.188

(D+1+2D )(D+1-2D )

Choice (i): 1= e

Choice (ii): 1= [(Drz +32)+\/B'2r51(Dr2 +Sz)—\/5-2rs]
(Drz _52)2

Choice (iii):

{[Zkz +2k + (Dgl))ﬂﬁ(.zk +1}K2k2 +2k + (D;D)—\E.(zk +1)}

(2k2 +2k—(D_1)j2
2

Choice(iv):

[(2|<2 +2K)D + (D;D +JD(2k +1}[(2k2 +2k)D + (D2+1) ~JD-(2 +1)}

- 2
(2k? +2k)D+(D2_1)

It is worth mentioning that the repetition of the process as in method 4 for each of the above choices leads
to different set of solutions to (1).

GENERATION OF SOLUTIONS
Different formulas for generating sequence of integer solutions based on the given solution are
presented below:

Let (XO, Yo, Zo) be any given solution to (1)
Formula: 1
Let (xl, A zl) given by
X =—(D-Dx,+h,y,=(D-1)y,, z;, =(D-1)z, +h, (11)
be the 2™ solution to (1).Using (11) in (1) and simplifying, one obtains
h =2Dx, + 2z,

In view of (11), the values of X, and Zz, is written in the matrix form as
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(x1,21) '=M(xg,29) "

where

D+1 2 .
and t is the transpose
2D D+1

The repetition of the above process leads to the n'" solutions Xp,Zp given by
t n t
(Xn:2n) =M "(x9,20)
If «, f are the distinct eigen values of M , then

a=D+1+2JD, f=D+1-2J/D

We know that

M" Z(a%nm(M —ﬂl)+(ﬂﬁ—_na)(M —al), | =2x2 identity matrix

Thus, the general formulas for integer solutions to (1) are given by

~ a" +;Bn a" _/Bn
xn_(—z ]XO{_Z 4 jzo,

Yo =(D-D"y,,
z, = g(a” —ﬁ”)xo W{%JZO
Formula: 2
Let (xl, yllzl)given by
X1 =3Xg, Y1 =3Yo +h, 71 =2h -3z, (12)

be the 2" solution to (1).Using (12) in (1) and simplifying, one obtains

h= 2y0 +4ZO

In view of (12), the values of y,and z, is written in the matrix form as

(v1,21)" =M"(yp.2o)

where
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5 4 .
M = and t is the transpose
4 5

The repetition of the above process leads to the n™" solutions Yn»Zp given by

t n t
(Yn:zn) =M "(yo,20)
If «, p are the distinct eigen values of M , then
a=1 =9

Thus, the general formulas for integer solutions to (1) are given by

X, =3"%g ,

(9" +1 . 9" -1 ,
Yn > Yo > 0

oM -1 9" +1
in = Yo + Zg

2

Formula: 3

Let (xl, Yy zl) given by

X, =—(D+Dx, +h, y, =~(D+1y, +h, z, = (D+1z,, (13)

be the 2" solution to (1).Using (13) in (1) and simplifying, one obtains
h =2Dx, + 2y,
In view of (13), the values of X; and Y, is written in the matrix form as

(%, 1) =M "(x0, yo)'

where

D-1 2
M = and t is the transpose
2D -D+1

The repetition of the above process leads to the nt solutions X,, Y, given by

()(n'yn)t = Mn(xod/o)t

If «, f are the distinct eigen values of M , then
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a=D+1p4=~(D+))

Thus, the general formulas for integer solutions to (1) are given by

_anD+ﬂn an_ﬂn

" D+1 ° D+1 Yoo
D(a" - 8") a"+ "D
= Xy + :
Y D+1 0 D+1 Yo

z,=(D+1"z,
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