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ABSTRACT 

This paper concerns with the problem of obtaining non-zero distinct integer solutions to non-homogeneous ternary cubic 

Diophantine equation 
322 4)(9 zyxyx   . A few relations between the solutions are presented. 
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INTRODUCTION 

The cubic Diophantine equations are rich in variety and offer an unlimited field for 

research [1,2]. In particular, refer [3-16] for a few problems on cubic equation with 3 unknowns. 

This paper concerns with an interesting non-homogeneous cubic Diophantine equation with three 

unknowns given by 322 4)(9 zyxyx   for determining its infinitely many non-zero 

distinct integral solutions. A few relations between the solutions are presented. 

METHOD OF ANALYSIS 

 

Consider the non-homogeneous   cubic Diophantine   equation 
322 4)(9 zyxyx                                                                     (1)                                       

Different ways of solving (1) are presented below: 

WAY: 1 

The substitution of the linear transformations 

uzvkuyvkux  ,,                                                                   (2) 

in (1) leads to  
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1182  vu                  (3) 

whose smallest positive integer solution is 

20,19 00  vu  

Assume that 

hvvuhu  0101 ,                                                             (4) 

be the second solution to(3).Substituting (4) in (3) and simplifying 

, note that 

                                         182 0  uh  

In view of (4), one obtains 

                                  182,18 00101  vuvuu  

Repeating the above process again and again, the general solution ),( nn vu   

to (3) is given by 

                             2
000 182,18 nvnuvnuu nn   

In view of (2), the corresponding integer solutions to (1) are given by 

                           

nuz

nknvunky

nknvunkx

n

n

n

18

),(18)2(

),(18)2(

0

00

00







 

  Properties: 

(i) 4076  nyx nn  is a perfect square 

(ii)  )40(mod072 ,3  nnn tyx  

      (iii)            )111(mod7172 ,74  nnn tyx  

(iii) )4(mod078272 ,3  nnnn ztyx  

WAY: 2 

    Considering 

uzvkuyvkux  ,, 22                                           (5) 

 in (1) ,it reduces to the Pellian equation 

118 22  vu  

whose general solution ),( nn vu  is given by 
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In view of (5), the corresponding integer solutions to (1) are given by 
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Properties: 

1. 1)(9
2

 nnn yxz    

2. kyxkyx nnnn 2)(36)( 1212                                

3. 
222 4)(36)( kkyxyx nnnn 
 

 

4. Each of the following expressions is a perfect square: 

  
)2(,4)(36 1212 kyxkyx nnnn    

 
))(3( 2323

2
nnnn yxyxk    is a cubical integer 

 )2)2(4( 12123434
3 kkyxyxk nnnn    is a bi-quadratic integer 

Way :3 

Introduction of the transformations 

                      uzvkuyvkux  ,, 2222  

in (1) leads to  

                         118 2  vu  

Thus, the corresponding integer solutions to (1) are obtained as 
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Properties: 

(i) 1)(9  yxz  

(ii) Each of the following expressions is a nasty number: 

                )24(3,)1(3,)(3 kkzyxkzyx   

 
CONCLUSION 

 In this paper, we have presented different sets of non-zero distinct integer solutions to the 

ternary cubic equation 322 4)(9 zyxyx   . As the cubic Diophantine equations are rich in 

variety, one may search for the other choices of equations along with their solutions and relations 

among the solutions. 
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