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ABSTRACT
This paper concerns with the problem of obtaining non-zero distinct integer solutions to non-homogeneous ternary cubic

Diophantine equation 9(Xx? — y?)+ X+ y = 4z> . A few relations between the solutions are presented.
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NOTATION
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INTRODUCTION

The cubic Diophantine equations are rich in variety and offer an unlimited field for
research [1,2]. In particular, refer [3-16] for a few problems on cubic equation with 3 unknowns.
This paper concerns with an interesting non-homogeneous cubic Diophantine equation with three
unknowns given by 9(x? —y?)+x+y=4z% for determining its infinitely many non-zero
distinct integral solutions. A few relations between the solutions are presented.

METHOD OF ANALYSIS

Consider the non-homogeneous cubic Diophantine equation
9(x? —y?)+x+y=47° (1)
Different ways of solving (1) are presented below:

WAY: 1
The substitution of the linear transformations
Xx=ku+v,y=ku-v,z=u 2

in (1) leads to
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u?=18v+1 (3)
whose smallest positive integer solution is

U, =19,v, =20
Assume that

up=h—-u,,v; =vy+h 4)
be the second solution to(3).Substituting (4) in (3) and simplifying
, hote that

h=2u, +18

In view of (4), one obtains
U =Ug +18,v; =2u4 +V, +18
Repeating the above process again and again, the general solution (u,,v,)
to (3) is given by
U, = Uy +18n,v, = 2nu, +V, +18n°

In view of (2), the corresponding integer solutions to (1) are given by

X, = (K+2n)u, +Vv, +18n(k +n),

Y, = (k—2n)u, —vy +18n(k —n),

Z, =U, +18n

Properties:

Q) X, — Y, —76n—40 is a perfect square
(i) Xn = Yn — 725, = 0(mod 40)

(iii) Xo — Yp — T2tz » = 71(mod111)

(i)  x, -y, —72t;, -2z, + 78 =0(mod 4)

WAY: 2
Considering

x=ku+v?,y=ku—v?,z=u (5)
in (1) ,it reduces to the Pellian equation

u?=18v? +1
whose general solution (u,,v, ) is given by

fn 9n
u, =—,v, = , n=012,...
n 2 n Zm

where

f =(17+418)" + (17 - 4:18)™

g, = (17 +4418)™" — (17 - 4418)™*
In view of (5), the corresponding integer solutions to (1) are given by
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X, :g f, +%g§

Yo =gfn—%9§

z, :%fn
Properties:

1. zn2 -9(x, —y,)=1

2. (X2n+l + y2n+1)_36k(xn - yn) =2k
3. (Xn + yn)2 _36(Xn _yn)kz =4k2

4. Each of the following expressions is a perfect square:
° 36()(n - yn)+4 7k(X2n+1 T Yo T 2k)

2
° k (X3n+2 + y3n+2 +3(Xn + yn )) |S a Cublcal |nteger

o K3 (Xynia + Yanes + 4(Xong + Yonu + 2K) — 2K) is a bi-quadratic integer

Way :3
Introduction of the transformations

x=ku®+v?,y=ku? -v?,z=u
in (1) leads to
u=18v? +1
Thus, the corresponding integer solutions to (1) are obtained as
x =k(18k% +1)% +k?,
y =k(@8k? +1)% —k?,
z=18k*+1
Properties:
Q) z=9(x—-y)+1
(i) Each of the following expressions is a nasty number:
3(x—Y) ,3(z-1) ,3k(x+y+4kz+2k)

CONCLUSION
In this paper, we have presented different sets of non-zero distinct integer solutions to the

ternary cubic equation 9(x? —y?)+x+y =4z . As the cubic Diophantine equations are rich in

variety, one may search for the other choices of equations along with their solutions and relations
among the solutions.
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