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ABSTRACT 

The sequence space introduced by M. Et and have studied its various properties. The aim of the present paper is 

to introduce the new pranormed generalized difference sequence space. )(],,,[ ),](,,,[ 0

r

n

r

n upgfupgf   

and )(],,,[ r

nupgf  , We give some topological properties and inclusion relations on these spaces. 
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1. INTRODUCTION 

A sequence space is defined to be a linear space of real or complex sequences. 

Throughout the paper N , R  and C  denotes the set of non-negative integers, the set of real 

numbers and the set of complex numbers respectively. Let   denote the space of all sequences 

(real or complex). Let l  and c  be Banach spaces of bounded and convergent sequences 



0=}{= nnxx  with supremum norm ||sup= n
n

xxPP . Let T  denote the shift operator on  , that is, 



1=}{= nnxTx , 

2=

2 }{= nnxxT  and so on. A Banach limit L  is defined on l  as a non-negative 

linear functional such that L  is invariant .,.ei  )(=)( xLSxL  and )(1,1,1,...= 1,=)( eeL (see, 

[12]).  

Lorentz (see, [12]), called a sequence }{ nx  almost convergent if all Banach limits of ,x  

)(xL , are same and this unique Banach limit is called F -limit of x . In his paper, Lorentz 

proved the following criterian for almost convergent sequences. 

http://www.eprajournals.com/
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A sequence  lxx n}{=  is almost convergent with F -limit )(xL  if and only if  

                                           )(=)(lim xLxtmn
m 

 

where, 0)=( ,
1

=)(             0
1

0=

TxT
m

xt n

j
m

j

mn 


 uniformly in 0n . 

We denote the set of almost convergent sequences by f . 

Several authors including Duran (see, [5]), Ganie et al (see, [1, 2, 3, 4, 22]), King (see, 

[10]), Lorentz (see, [12]) and many others have studied almost convergent sequences. Maddox 

(see, [15, 14]) has defined x  to be strongly almost convergent to a number   if  

 .min uniformly   0,=
1

lim
1=

 mk

n

kn

x
n

 

By ][ f  we denote the space of all strongly almost convergent sequences. It is easy to see that 

 ł][ ffc .  

The concept of paranorm is related to linear matric spaces. It is a generalization of that of 

absolute value. Let X  be a linear space. A function RxP :  is called a paranorm, if (see, [13, 

24]) 

0(0)   .1)( pp  

Xxxpp    0)(   .2)(  

Xxxpxpp    )(=)(   .3)(  

Xyxypxpyxpp   ,  )()()(   .4)(  (triangle inequality) 

)(    .5)( nifp   is a sequence of scalars with  n  ( n ) and )( nx  is a sequence of 
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vectors with 0)(  xxp n  ( n ), then 0)(   xxp nn  ( n ),(continuity of 

multiplication of vectors). 

A paranorm p  for which 0=)(xp  implies 0=x  is called total. It is well known that the 

metric of any linear metric space is given by some total paranorm (see, [15]). 

The following inequality will be used throughout this paper. Let )(= kpp  be a sequence 

of positive real numbers with  <=sup<0 Hpp kkk  and let )2 (1,max= 1HD . For 

Ckk ba  , . We have (see, [13, 14]) that 

 .}|||{||| k
p

k
k

p

k
k

p

kk baDba       (1) 

Nanda (see, [18, 19]) defined the following: 

 ,min uniformly  0=
1

lim:=],[
1= 








 k
p

mk

n

kn

x
n

xpf   

 ,min uniformly  0=
1

lim:=],[
1=

0









 k
p

mk

n

kn

x
n

xpf  

 .<
1

sup:=],[
1=, 








  k
p

mk

n

knm

x
n

xpf  

The difference sequence spaces,  

  ,:)(==)( XxxxX k   

where clX ,=   and 0c , were studied by Kizmaz (see, [11]). 

It was further generalized by Et and Çolak (see, [8]), Ganie et al (see, [3]), Sengönül (see, 

[21]) and many others. 
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Further, it was Tripathy et al (see, [23]) generalized the above notions and unified these 

as follows:  

  ,)(:= Zxxx k

m

nk

m

n    

where  

 ,1)(=
0=






mk

n

k

m

n x
r

n
x 








   

and 

 . =0 N kxx kkn  

Recently, M. Et (see, [6]) defined the following: 

    ,min uniformly  0,=
1

lim:)(==)](,[
1= 








 
k

p

mk

r
n

kn
k

r xf
n

xxpf   

    ,min uniformly  0,=
1

lim:)(==)(],[
1=

0









 
k

p

mk

r
n

kn
k

r xf
n

xxpf  

    .min uniformly  ,<
1

sup:)(==)(],[
1= 








  
k

p

mk

r
n

kn
k

r xf
n

xxpf  

Following Maddox (see, [16])and Ruckle (see, [20]), a modulus function g  is a function from 

) [0,  to ) [0,  such that 

(i) 0=)(xg  if and only if 0=x , 

(ii) 0, )()()(  yxygxgyxg  

(iii) g  is increasing, 

http://www.eprajournals.com/
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(iv) g  if continuous from right at 0=x . 

Maddox (see, [15])introduced and studied the following sets: 

 }   0|=|
1

lim :{=
1=

0 minuniformlyx
n

xf mk

n

kn
  

 }     :{= 0 C linsomeforflexxf   

of sequences that are strongly almost convergent to zero and strongly almost convergent. 

Let )(= kpp  be a sequence of positive real numbers with Mpp k
k

k =sup<0   and 

) (1,max= MH . 

2. MAIN RESULTS 

In the present paper, we define the spaces )(],,,[ ),](,,,[ 0

r

n

r

n upgfupgf   and 

)(],,,[ r

nupgf  , where )(= kuu  is such that kuk   0 , as follows:  

   ,min uniformly  0,=
1

lim:)(==)](,,,[
1= 








 
k

p

mk

r

nk

n

kn
k

r

n xug
n

xxupgf   

   ,min uniformly  0,=
1

lim:)(==)(],,,[
1=

0









 
k

p

mk

r

nk

n

kn
k

r

n xug
n

xxupgf  

   ,min uniformly  ,<
1

sup:=)(],,,[
1= 








  
k

p

mk

r

nk

n

kn

r

n xug
n

xupgf  

where )( kp  is any bounded sequence of positive real numbers. 

Theorem 1: Let )( kp  be any bounded sequence and g  be any modulus function. Then 
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)(],,,[ ),](,,,[ 0

r

n

r

n upgfupgf   and )(],,,[ r

nupgf   are linear space over the set of complex 

numbers. 

Proof: We shall prove the result for )(],,,[ 0

r

nupgf   and the others follows on similar 

lines. Let )(],,,[, 0

r

nupgfyx  . Now for C , , we can find positive numbers  BA ,  such 

that  A||  and  B|| . Since f  is sub-additive and r

n  is linear 

                                  
1

1=

k
p

mkmk

r

nk

n

k

yxug
n

    

      k
p

mk

r

nkmk

r

nk

n

k

yugxug
n

   
1=

1
                 

    k
p

mk

r

nk

n

k

H xug
n

AD   

1=

1
)(  

    0
1

)(                                           
1=

 
k

p

mk

r

nk

n

k

H xug
n

BD   

as n , uniformly in m . This proves that )(],,,[ 0

r

nkupgf   is linear and the result follows.

W  

Theorem 2: Let g  be any modulus function. Then  

).(],,,[)(],,,[ and )(],,,[)](,,,[ 0

r

n

r

n

r

n

r

n upgfupgfupgfupgf    

Proof: We shall prove the result for )(],,,[)](,,,[ r

n

r

n upgfupgf    and the second shall be 

proved on similar lines. Let )](,,,[ r

nupgfx  . Now, by definition of g , we have 

          
1

=
1

1=1=

k
p

mk

r

nk

n

k

k
p

mk

r

nk

n

k

LLxug
n

xug
n

    
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       .         
1=1=

k
p

n

k

k
p

mk

r

nk

n

k

Lg
n

D
Lxug

n

D
    

Thus, for any number L , there exists a positive integer LK  such that LKL || , we have 

          
1

=
1

1=1=

k
p

mk

r

nk

n

k

k
p

mk

r

nk

n

k

LLxug
n

xug
n

    

      1.(1)         
1=1=

  

n

k

k
p

L

k
p

mk

r

nk

n

k

gK
n

D
Lxug

n

D
 

Since, )](,,,[ r

nupgfx  , we have )(],,,[ r

nupgfx    and the proof of second result follows.

W  

Theorem 3: )(],,,[ 0

r

npgf   is a paranormed space with 

    .
1

sup=)(

1

1=,

H
k

p

mk

r

nk

n

knm

xug
n

xh 







    

Proof: From Theorem 2, for each )(],,,[ 0

r

nupgfx  , )(xh  exists. Also, it is trivial that 

)(=)( xhxh   and 0=mk

r

n x   for 0=x . Since, 0=(0)h , we have 0=)(xh  for 0=x . Since, 

1
M

pk  for 1M , therefore, by Minkowski’s inequality and by definition of g  for each n  that 

                                    
1

1

1=

H
k

p

mk

r

nmk

r

nk

n

k

yxug
n









   

                
1

         

1

1=

H
k

p

mk

r

nkmk

r

nk

n

k

yugxug
n









   
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       ,
11

                       

1

1=

1

1=

H
k

p

mk

r

nk

n

k

H
k

p

mk

r

nk

n

k

yug
n

xug
n


















    

which shows that )(xh  is sub-additive. Further, let   be any complex number. Therefore, we 

have by definition of g , we have 

    ),(
1

sup=)(

1

1=,

xhSxug
n

xh M

H
H

k
p

mk

r

nk

n

knm
 








   

where, S  is an integer such that  S< . Now, let 0  for any fixed x  with 0)(  xh . By 

definition of g  for 1|<| , we have for )(> Nn  that 

    .<
1

1=

k
p

mk

r

nk

n

k

xug
n

       (2) 

 As g  is continuous, we have, for Nn 1  and by choosing   so small that  

    .<
1

1=

k
p

mk

r

nk

n

k

xug
n

       (3) 

 Consequently, (2) and (3) gives that 0)(  xh   as 0 . W  

Theorem 4: The spaces )(],,,[ ),](,,,[ 0

r

n

r

n pgfupgf   and )(],,,[ r

npgf   are not solid 

in general. 

Proof : To show that the spaces )(],,,[ ),](,,,[ 0

r

n

r

n pgfupgf   and )(],,,[ r

npgf   are 

not solid in general, we consider the following example. 

Let kk up =1=  for all k  and xxg =)(  with nr =1= . Then, )(],,,[)(=)( r

nk pgfkx    

but )(],,,[)( r

nkk pgfx    when k

k 1)(=   for all Nk . Hence is result follows. W  
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From above Theorem, we have the following corollary. 

Corollary 5: The spaces )(],,[ ),](,,,[ 0

r

n

r

n pgfupgf   and )(],,,[ r

npgf   are not 

perfect. 

Theorem 6: The spaces )(],,,[ ),](,,,[ 0

r

n

r

n upgfupgf   and )(],,,[ r

nupgf   are not 

symmetric in general. 

Proof : To show that the spaces )(],,,[ ),](,,,[ 0

r

n

r

n upgfupgf   and )(],,,[ r

nupgf   

are not perfect in general, To show this, let us consider kk up =1=  for all k  and xxg =)(  with 

1=n . Then, )(],,,[)(=)( r

nk upgfkx    Let the re-arrangement of )( kx  be )( ky  where )( ky  is 

defined as follows,  

  .0,...9,,6,,5,,6,,,,,,,=)( 14837261593421 xxxxxxxxxxxxxxyk  

Then, )(],,,[)( r

nk upgfy    and this proves the result.  
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