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ANNOTATION 
The spectral dependences of the coefficients of interband three-photon optical transitions for InSb and for some optical 

transitions are calculated and a numerical analysis of the coefficient of interband three-photon absorption of light is 

carried out, which taken into account the contribution to the three-photon absorption of optical transitions occurring 

during the simultaneous absorption of two photons in the Kane model. 

 Interband three-photon optical transitions in crystals of the InSb and type are classified, and the spectral 

dependence of some optical transitions is analyzed. The coefficient of linear-circular dichroism of interband three-photon 

absorption in a crystal in the Kane model is calculated. 

KEY WORDS: interband three-photon optical transitions, spectral dependence, crystal. 

 

INTRODUCTION 

The first works devoted to the research of two-photon interband transitions in crystals were carried out 

in the early 1960s, shortly after the appearance of lasers [1–3]. In calculating the matrix elements of two-photon 

transitions in crystals, perturbation theories were used in the field of an unpolarized electromagnetic wave [2, 3], 

where the two-band Kane model was used. 

In [4-7], both theoretically and experimentally, linear-circular dichroism (LCD) of two- and three-

photon absorption of light in crystals of cubic symmetry in the region of the center of the Brillouin zone was 

investigated. However, the question of spectral and temperature researches of multiphoton interband absorption 

of polarized light in narrow-gap crystals in the three-band Kane approximation remained open. 
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MATRIX ELEMENTS OF THE THREE PHOTON INTERBAND OPTICAL TRANSITIONS 

Three-photon interband light absorption can be described by diagrams of type ,

, where  describes one photon absorption,  describes the successive absorption of 

two photons, and  describes the simultaneous absorption of two photons. Then three-photon optical 

transitions from the valence band ( ,l lV m ) to the conduction band ( , lc m ) generally have four types, which 

can be represented as the sum of the following optical transitions depending on the initial state of electrons 

participating in optical transitions: a) the initial state of electrons is in the subband of heavy holes 


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b) the initial state of electrons is in the subband of heavy holes 
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
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c) the initial states of electrons are in the subband of heavy holes 
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where each component differs from each other in the order of virtual states, which can appear both in the 

subbands of the valence band ( ,l lV m ) and in the conduction band ( c, lm ) or in the spin-split band (

, lSO m ), , 3 / 2l lm m    for subbands of heavy holes, , 1/ 2l lm m   for subbands of light holes, 

conduction bands and spin-split-off bands, lm or lm the eigenvalue of the total momentum operator. 

, ,a bA m B m  characterizes the optical transition from state , aA m  to , bB m , occurring by the 

simultaneous absorption of two photons (see, for example, [5-7]), , ,a bA m B m characterizes a one-

photon optical transition from the , aA m  to , bB m state. 

Note that some of the above matrix elements may turn out to be equal to zero in the zero, linear, and 

quadratic approximation in the wave vector in the energy spectrum (in the effective Hamiltonian). 
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In what follows, we choose the following Luttinger Cohn basis functions [8]. Then the effective 

Hamiltonian in the above sequence of basic functions takes the form 
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where each component differs from each other by the order of the band parameters [8]. In particular, the 

dimensionless Luttinger constants 1 2 3, ,   are related to the band parameters A, B, D as 

2 2 2

1 2 3

0 0 0

, ,
2 2 2 2 2 3

B D
A

m m m
     , the numerical values of which are given in [9]. Then the 

energy spectrum of light and heavy holes takes the form 
2( ) ( )lh vE k E A B k   , 

2( ) ( )hh vE k E A B k   , where the effective masses of light and heavy holes do not depend on the direction 

of the wave vector and are determined by the relations: 

2 2

1 2

0

( 2 ),
2 2lh

A B
m m
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2 2

1 2

0

( 2 )
2 2hh

A B
m m

     . In this case, the matrix elements of the pulse operator are determined by 

( )e H k , where e is the vector of the polarization of the light. 

Note that there are 16 types of optical transitions that differ from each other in virtual states. Therefore, 

below we will consider individual optical transitions. For example, the matrix element of an optical transition 

described by the following diagrams is determined by the relation, and for transitions of the type 
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, 3 / 2 V, 3 / 2V     V, 3/ 2 , 1/ 2 ,c     , 3 / 2V    
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, 3 / 2V     V, 1/ 2 V, 1/ 2 , 1/ 2c      we have 
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. 

 Then the spectral dependences of the coefficients of the linear-circular dichroism of these optical transitions, 

determined using the probabilities of these transitions, are shown in Fig. 1. Figure 1 shows that the spectral 

dependence of the linear-circular dichroism coefficient (    ) depends on the type of optical transitions. In 

particular, for the first type of optical transition, it increases with an increase in the frequency of light, and for 

the second type of optical transition, with an increase in the frequency of light, it first decreases and, passing 

through the minimum, increases. 

 

 

MULTIPHOTON INTERBAND ABSORPTION OF LIGHT 
The coefficient of interband three-photon light absorption is calculated as 

     ( ) ( )
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, ;V, ,
c V
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c m mK T  is partial interband three-photon absorption coefficient of light at which when 

calculating it is necessary sum over the intermediate states (at a fixed ( ,m  ) and final states (

      

Fig. 1. Spectral dependence of the linear-circular dichroism coefficient for three-photon interband light 

absorption in crystals of cubic symmetry for two cases. 
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 , 1/ 2c cc m m   );  ( ) ,N

summK T  is total three-photon absorption coefficient of light, 
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vector potential of the electromagnetic wave, I is the intensity of light, and n is the refractive index of the 

medium at the frequency . 

Since the probability of a multiphoton optical transition, which is used to determine the coefficient of 

multiphoton light absorption, is expressed as 
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2

, ; , ;V, ,c V Vl

N

c

N

c m m m mk




    the quantity determined by the integral of the type

   
1 2

2
2

, ; , ;V,

,1 0 0

cos( ) , ,
c V

N

c m m m

m

d d kdk M k









  


  



   ,
     3 3

, ,hh hhc c m hh c mf k f k
  

 
  is the distribution 

function of electrons (holes with energy
     3 3

, ,hh hhc c m hh c mE k E k
  

 
). Let us consider the specific case. Let 

    , ; , ;V ,,c V Vl

N

c m m m

N

c mkM




    is the composite matrix element consist of two terms, i.e. 

         , ; , ;V, , ,, ; , ;V,c V V c V Vl l

N N

c c

N A

c m m m m c m m m mM Mk k
  

 

      
    , ; , ;V ,,c V Vl

B

c m m m

N

c mkM




   , where
    , ; , ;V ,,c V Vl

A

c m m m

N

c mkM




    
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is the matrix element of the optical transition of the type “A”, and 
    , ; , ;V ,,c V Vl

B

c m m m

N

c mkM




   is the matrix element 

of the optical transition of the type “B” 

              
2 2
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   

  

          

         
2 2
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c m m m m

N N

m mc m cc mk kM M
 

 

       

         
*
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 

 

      
  
 

         
*
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A B

c m m m m c m

N

c mc m m

N
M Mk k

  

 

     
 
 

. 

Whence we have that the total light absorption coefficient consists of the sum of the partial light absorption 

coefficients, determined by the quantities 
    

2

, ; , ;V, ,c V Vl

N

c

A

c m m m mkM




   and
    

2

, ; , ;V, ,c V Vl

N

c

B

c m m m mkM




   , as well as 

the contributions to the total light absorption coefficient, determined by the quantity

         
*
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 

 
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 
 

, i.e. 
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ω
,

c V c V

A

c m m c m m m

N
K T W
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where  
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

 


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 
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 


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



           
    
   

 

calculating them separately, one can consider that the numerical contribution of the partial absorption 

coefficients of light. Therefore, we will consider specific optical transitions. For example, for an optical 

transition of the type , 3 / 2V   V, 3/ 2 , 1/ 2 ,c     

, 3 / 2 V, 1/ 2 , 1/ 2 ,V c      , 3 / 2 V, 1/ 2V      , 1/ 2c  , the coefficient of 

three-photon interband absorption of light for crystals of cubic symmetry is determined by the relation 

 
 

       
2

3 3 3( 3) (3) 2 5

, ,1 , , ,2 4

0 g

3
0

4 hh hh hh

gN c hh
c hh g c c m hh c m c m

c hh

Em m
K K I f k f k x r

m m m B k

  



    
 
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 
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( 3) ( 3)

, ,1 , ,1( 3)
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2 1 2 1
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c hh c hhN

c hh

lh hh lh hh
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b cB B
a

x x x x x x x x   

 



     
      

       
      
  
  

,   (5) 

and for transitions of type , 3 / 2 V, 3 / 2V     V, 3/ 2 , 1/ 2 ,c     , 3 / 2V    

V, 3/ 2 V, 1/ 2 , 1/ 2 ,c      , 3 / 2 V, 1/ 2 V, 3 / 2 , 1/ 2 ,V c        

, 3 / 2V    V, 1/ 2 V, 1/ 2 , 1/ 2c       we have 
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
, k  - is wave vector of current carriers, 

determined by the energy conservation law     3 0lh hhE k E k    , ,  for linearly polarized light 

( 3) ( 3) ( 3)

, ,1 , ,1 , ,1

90 180 488
, ,

135 135 135

N N N

c hh c hh c hha b c     , 
( 3) ( 3) ( 3)

, ,2 , ,2 , ,2

1 4
,

15 27

N N N

c hh c hh c hha b c      for circularly polarized 

light 
( 3)

, ,1

70
,

105

N

c hha   ( 3) ( 3)

, ,1 , ,1

133 396
,

105 105

N N

c hh c hhb c   , 
( 3) ( 3)

, ,2 , ,2

8 13
, ,

105 105

N N

c hh c hha b   ( 3)

, ,2

18

105

N

c hhc   , 

       

2

1 2

2( 1) 2( 1) 1)
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,
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2

3

2 lh hhE E 
  

 
.   

 

ANALYSIS OF THE RESULTS 
The spectral dependences of the coefficients of three-photon interband absorption of light for the 

above optical transitions are shown in Fig. 2. It can be seen from Fig. 1 that the spectral dependence of

 ( 3) (3)

, ,2 / 0N

c hh gK K
 depends on the type of optical transitions. In particular, for the first and second types of 

optical transitions, with an increase in the frequency of light, it increases and passing through a maximum 

decreases for both linearly polarized light and circularly polarized light, but the maxima of the dependence 

differ from each other in value. The numerical values of the band parameters of InSb were taken from [9] 
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Fig. 2. Spectral dependence of the coefficient of three-photon interband light absorption in InSb crystals for the 

two cases considered in the text.  
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