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SUMMARY 
In this paper, a Dirac operator with mass is constructed by the Gelfand – Levitan method, the continuous spectrum of 

which contains a countable number of positive eigenvalues, and sufficient conditions for the resulting potential to belong 

to space are found and the dependence of the location of the embedded eigenvalues of the Dirac operator with mass on 

general boundary conditions. 
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Consider the Dirac operator self-adjoint in the space of vector functions ),0(2

2 L generated 

by the differential expression   
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m – constant positive number (mass), - real continuous functions. 

Introduce the splitting up of the operator spectrum D  

),()()()( DpcDcDpD    

where  )(Dp  – point spectrum,  )(Dc  – continuous spectrum, )(Dpc  – a set of eigenvalues lo-

cated on a continuous spectrum, i.e. nested eigenvalues. 

Let us denote by   T
xxx ),(,),(),( 21    the solution of the system of equations (1), satisfying 

the initial conditions 

                                 1 2(0, ) 0, (0, ) 1.                                            (4) 
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Let  T
xfxfxf )(),()( 21  –  an arbitrary real vector-function from the class ),0(2

2 L . If 

we put 

,)],()(),()([)(
0

2211 dxxxfxxfF 


   

then there is a monotonically increasing function ,),(    independent of )(xf  called the 

spectral function of problem (1), (2), such that has a place Parseval's equality  
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At 0)(  x   operator D we will designate through 0D , i.e. 

   xymTy
dx

dy
ByD 0,0                                     (6) 

                                 .0)0(1 y                                                                 (7)  

Let us denote by ),(0  x  and ),(0  x  system solutions (6), satisfying the following initial 

conditions: 
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It is easy to deduce that 
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From the condition 

0 0 0 2
0 2( , ) ( , ) ( ) ( , ) (0, ), Im 0x z x z m z x z L z        

unequivocally determined by the Weil – Titchmarsh function of the problem (6), (7): 
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2 2

0 ( ) , Im 0
z m

m z i z
z m


  


. 

Here the root is understood in the analytical sense, and the branch is taken that satisfies the condition 

.,)1(22  zozmz  

Using the Weil – Titchmarsh function )(0 zm   and the formula                    

  0 0 0
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1
( ) ( ) lim Im ( )
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m u iv du





   
  

     

find the derivative of the spectral function of the problem (6), (7) 
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In formula (8), the roots are understood in the arithmetic sense. The spectrum of problem (6), (7) is purely con-

tinuous and consists of the set  ),[],(  mm , that is 

0 0 0( ) ( , ] [ , ), ( ) , ( ) .c D m m p D pc D          

Lemma 1. If ),(  x – solution of equation (1) with initial conditions (4), then there exists a matrix 

2,1,
),(),(




jiij txKtxK  such that 

                            ,),(),(),(),(
0

00 dtttxKxx
x

                                (9) 

moreover ),( txK   is the solution to the problem 

KxTmKKmTB
t

K

x

K
B )(









,    (10) 

)(),(),( xxxBKBxxK  ,      (11) 

                       0)0,()0,( 1211  xKxK .        (12) 

And vice versa, if the matrix-function ),( txK  is the solution to the problem (10) –(12), then the vec-

tor function ),(  x , certain by the formula (9) is a solution to equation (1) with initial conditions (4). 

 Theorem 1. Matrix-function ),( yxK  satisfies the Gelfand – Levitan linear integral equation 
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Theorem 2. In order for a monotonically increasing function )(  to be a spectral function of a boundary 

value problem of the form(1), (2) with a continuous matrix-function )(x , it is necessary and sufficient that 

the following conditions are satisfied: 

 I.  If  )(xg is an arbitrary real continuous finite vector-function and 

                                    




 0)()(2  dG ,               (14) 

where  
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 II. The matrix-function ),( yxf  defined by formula (13) has a continuous second derivative  

),( yxFf xy  , moreover 0)0,(11 xF 0)0,(21 xF . 

Theorem 3. Let  
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Then there is a unique continuous matrix   )(x of the form (3) such that 
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( )(H – Heaviside function)  is the spectral function of the operator  D defined by formulas (1) - (3), more-

over ,...},...,,{)( 21 nDpc    

Proof. Let us show that the function  )( defined by formula (15) satisfies all conditions of Theo-

rem 2. 

It is easy to see that 

 


 1
0 )()()(

n
nnHa  .              (16) 

From the positivity of the numbers  na and the monotonic increase )(0  , the monotonic increase follows 

)( . Substituting (16) into (14), we have 
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Hence it follows that 0)()( 0
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 dG . 

From Parseval's equality written for problem (6), (7) we have: 

0)]()([ 2
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2

1 




dxxgxg , 

hence, by virtue of the continuity of the vector-function )(xg , we obtain 0)( xg . Hence, condition I of 

Theorem 2 is satisfied. 

Consider the matrix function 

 Tnn
n

n yxayxF ),(),(),( 0

1

0 




 .      (17) 

From Condition 20, by virtue of the Weierstrass criterion, it follows that the series in (17) converges 

uniformly. Obviously, the function ),( yxF  is an continuous. From equality 0),0(0 n  followed by 

unity 0)0,(,0)0,( 2111  xFxF . Hence, condition II of Theorem 2 is also satisfied. 
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Therefore, it is a spectral function of an operator  D of the form (1) - (3), the continuous spectrum of 

which fills the intervals ],( m  and ),[ m  and has embedded eigenvalues ...,2,1, nn . 

To find the coefficients  )(),( xqxp of the operator D , consider the Gel'fand – Levitan integral 

equation 

 
x

xydtytFtxKyxFyxK
0

0,0),(),(),(),( ,   (18)  

where the kernel  ),( yxF has the form (17). For each fixed 0x   integral equation (18) has a unique solu-

tion. 

 Substituting (17) into (18), we deduce that the solution 
2,1,

),(),(



jiij yxKyxK  equation 

(18) has the form 
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The solution to system (20) exists and is unique, since this system is equivalent to the Gel'fand – Levi-

tan integral equation (18). 

Further, by formula (11) we define the matrix-function ),( yxK , and the coefficients  )(xp  and   

)(xq the operator  D are found by the formulas 

),,(),()(),,(),()( 22112112 xxKxxKxqxxKxxKxp   

or 
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Now, consider the family of self-adjoint operators D  in ),0(2

2 L  generated by the differential 

expression 

 xyyxmTy
dx

dy
ByD 0,)(    (22) 

and the boundary condition 

),0[,0)0()0( 21   nisysocy ,             (23) 

where )(xp  and )(xq  are defined by equalities (21). 

Theorem 4. When ),0(  , the operator  D has no nested eigenvalues lying on 

),[],(  mm . 

Remark 1. If 0ctg , then the operator D has no eigenvalues and on the inter-

val ),( mm .              

Remark 2. If 0ctg  then the operator  D can have eigenvalues on the interval ),( mm . 

Example. Consider the Di-cancer self-adjoint ),0(2

2 L operator generated by the differential ex-

pression 
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and the boundary condition 

,0)0(1 y  

where  m- is a constant positive number,  )(),( xqxp are real continuous functions. 

 

Let's admit 

,)()()( 0 maH    

where 0, ma . It's obvious that 

.)(},{)(),,[],()(  DpmDpcmmDc   

In this case  )()()( 0   it has the form  )()( maH   and, therefore 
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The integral Gelfand – Levitan equation (18) will be an equation with a degenerate kernel  ),( yxF and will 

take the form: 
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so the solution 
2,1,
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jiij txKtxK  equations (25): 

                 .
12

24

334

3
),(

2

32 

















my

mxxym

axxam
yxK                         (25) 

Let's find the coefficients )(xp and )(xq  the operator D. 

By virtue of (11) and (25) 
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So, we have constructed the following Dirac operator  
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with the boundary condition 

                                       .0)0(1 y                                                                (27) 

The solution ),(  x  to system (26) at has  m the following form: 

.
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334

3
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32 











mx

axxam
mx  

It is easy to check that  0),0(1 m  and ),0(),( 2

2 Lmx , therefore, is an eigen function corre-

sponding to an eigenvalue m . 

The Weyl – Titchmarsh function of problem (26), (27) is given by the formula 
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Now, consider a family of self-adjoint operators  D  in ),0(2

2 L   generated by the differential expression 
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and the boundary condition 

.),0(,0)0()0( 21   nisysocy                        (29) 

Let us find the Weyl – Titchmarsh function of problem (28), (29). For this we use the formula 
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The eigenvalues of the operator D are defined as the poles of the function )(zm  from the equation. 
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Obviously, this equation has no roots belonging to ),[],(  mm . Therefore, the real roots of equa-

tion (30) can be located only on the interval ),( mm . 

At mzm   equation (30) is transformed to the form 
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equation (31) can be written with respect to the new variable y in the form: 
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The discriminant of this quadratic equation is )2(44 2 mctgaam  . 

 Consider the following cases: 
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 , then equation (33) has no real solutions; 

In cases 1–4, equation (33) has no real solution satisfying the condition 0y . Hence, in these cases, 

the operator D has no eigenvalues on the interval ),( mm either. Hence it follows that 
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Substituting the value in (32), we calculate the root of the equation (31)  0z , which belongs to the interval 

),( mm : 
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In this case, the spectrum is split as follows: 

( ) ( , ] [ , ), ( ) ,c D m m pc D               0( ) { }p D z  . 
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