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ABSTARCT
Quasi-stationary electronic states in a spherically symmetric semiconductor potential well are determined in the semiclassical approximation
based on the calculation of matrix elements of the transfer matrix. In this case, three regions of the potential well were taken into account,
which differ from each other in geometric dimensions. The calculation was carried out by solving the Schrédenger equation in a spherical
coordinate system.
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INTRODUCTION

The progress of modern microelectronics is largely determined by the study of the properties of systems with nonuniformly
distributed parameters, the development of methods for the effective theoretical analysis of such systems, the development and
provision of objective methods for controlling technological processes that allow creating semiconductor layers with desired
properties [1-4].

The study of the electronic properties of both symmetric and asymmetric with respect to the geometric dimensions of the layers of
a semiconductor structure is relevant in connection with the use of these structures in micro- or nanoelectronics and in other areas
of solid state physics [1-6]. In works [7—17] were calculated the dynamic conductivity o(w) or the density of current j(w) of the
response of the system to an external action in a semiconductor multilayer structure. The theory was created in different models
using different mathematical methods for solving the complete Schrédinger equation for a system of electrons interacting with an
electromagnetic field in a structure with a O — shaped potential barrier. In the above-mentioned works, the problem was solved
without taking into account the Bastard condition [5], i.e., the difference between the effective masses of current carriers in
neighboring layers of the structure is not taken into account. Also, they did not study quasi-stationary electronic states in a spherically
symmetric well in the semiclassical approximation. This work is devoted to this case.

U, at r<r
Uy(r)=qu, at L<r<r, (1)
U, at r>r,

where I = «/XZ + y2 +2% is the radial coordinate variable, R- is the quantum dot radius. We shall consider only spherically

symmetric solutions and calculate the spectrum of states of a particle in a three-dimensional barrier UN (I’) Then the solution of
the stationary Schrodinger equation with a spherically symmetric potential
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ﬁ(rzafw,e,qo)H 1 eﬂ(sm@afN(r,a,qo)J+ 1 fffN(r,e.@}+

or or sin 6 90 ol sin‘d 0¢°
2m
e r?(E-Uy (r)) fy(r.0,0)=0 (2)
looking for in the form
1
fy(r.0,9) :FZN (r)YLM (01 (/’) (3)

where Y,_M (0, (p) are spherical functions [18], L- is the orbital angular momentum, M is the projection of the angular momentum

onto the z axis. The radial function (I’) is a solution to the Schrodinger equation with effective potential

dr? h?

r2
h f . 2m, h 2mg .
Then, after notations &, =k,r, & =kgr, k,= P E, where k; = 2 (U —E) we modify

dZZN (r)+(2mN (E—UN(F))—L(L+1)]Z(|’):O- (4)

(4) as
agéfA)Jr(l_%]Z(gA):o, at 0<r<r, ()
0 29558){1_ L(;;_l)}z(é):o, at r, (6)

If the solutions of equations (5) and (6) are represented as ;((X) =x"?F (X) , then F (§A) and F (fB ) are the solution of the
following Bessel equations

g2 gg“)+éa Zg’*)+(§§—(L+1)2)F(§A)=o, (7)
ééa ZEB(’ZB)%B 6 ggB)+(—§§—(L+1)2)F(§B)=o, (8)

Under condition F(EEA,B —>O)—>0 , solution (7) is a Bessel function with a half-integer index, i.e. :
F (é‘A) =C,J\ (§A) . When the function F (58 ) is bounded at &; — oo, solution (8) is the MacDonald function [19] with

a half-integer index, i.e., : F (f;‘B ) =Cy Ky (fB)
1
Thus, the radial part f, (r) ==z, (r) of the wave function (2) is represented in the form
r

£ (0 Cuj (kyr), npu 0<r<r
r)=
§ Cyx, (kgr), npu r>m

(9)
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Cuji(kar), at 0<r<rm

fu(r)= (9)

Cyk, (kgr), at r>r

Here

! (SZA):%JHM(&;A) ’K|(§B) \/L 1+1/2 fs . (10)

To simplify the solution of this problem, we further assume that L =0, i.e., consider s-states. Then we rewrite (4) as

2
Ea0) i, (1) =0, (1)
whose solution we represent in the form
v () =A™ +Be ™, (12)
where N =1correspondstoregion I <, N =2 correspondsto region I; <F <T,, N =3corresponds to region I >, I <I
, kf, = 2;;’“ (E -U, ) m,, - is the effective mass of current carriers in the region (if these regions are the same in terms of

physical and chemical properties, then the effective masses will take the same values). The unknown quantities A and B, , as

usual, are determined from the Bastard condition [5] at the points ' =1, and I =T,
Note that the difference between the solution of the Schrédenger equation in the Cartesian and spherical coordinate
systems is that the existence of an additional boundary at r =0 must be replaced by the condition N (r = 0) =0. Asindicated

in [20], to determine the energy spectrum of localized states, we will use the criterion for the existence of such states, which is
determined by the equality of the diagonal matrix element of the transfer matrix to zero (see, for example, [20]). In this case, we
take into account that the localized state of the particle in the potential well corresponds to such a distribution of the wave function,
in which the solutions of the Schrédinger equation for this case are increasing. Therefore, in solutions (for a certain case) it is

ikyr

necessary to exclude terms of the form BN €™ . Then the criterion for the existence of localized states is determined by the relation

BRH

Tl(lN,N+1) l 14 K Ky pilkuak)r Tl(ZN N4) l 1_@ g ikt
2 kN 2 Ky

TNN4Y) _ (nN+D)e 7 (NN+) o (NN

21 - 12 1122 - !

where the matrix elements of matrix T are defined as

(15)

ky =ky/my N=1,2,3,..., the sign * means complex conjugation.
Following [20], in cases U1 =U3 and E < Uz, we have expressions for matrix elements, i.e., for sub-barrier (E(Uj)

passage of electrons. In the |latter case, it is convenient to use transformations like k_ _=ix

m+n m+n?

m

- - T o v ~ ~ i
k, tk,., = (k ) J_r(Km+n )Ze’"”m'm*“ when K. is real and K. is imaginary, where arctg( m,m+n)= E*” . Then, it should

m
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be noted that during the transition from one region to another, a phase shift must occur in electron waves, associated with a mismatch
in the phases of the waves propagating in different, but in neighboring, regions. To simplify further calculations, we assume that

k, =k; =k, k, =ix . Then the matrix elements of the transfer matrix for this case can be written as

T, :ﬂx{(lzﬂf)ze’“d —(K-ig)’e ™}, (16)
_4|k_/c
T = O (Reig)(R-ig)e —(K+if)(K-ig)e ). (17)

Having carried out the appropriate transformations, we obtain the condition for the existence of localized states as

e x{(k +ix)’e™ - (k—ix)’e " '}=
=" x{(k+ix)(k—ix)er —(k+ix)(k—ix)e™},  (18)
or
[E tan kr, +lj =g (ﬂjx(f tan krl—lj. (19)
k k+ix) \k

From the last relation at A0 [ 1 it is easy to obtain the energy spectrum of stationary states in a spherical potential well
with finite height as

K
k—o tan ki, +1=0, (20)
0
where k0 (K‘O) is the wave vector of electrons corresponding to their sub-barrier (above-barrier) passage through the potential
barrier.
CONCLUSION

Taking into account the Bastard condition [5], from (10) it is easy to obtain the following equations
! (kArl)Cl =K (kBrl)CZ’
Ol (kArl) :ﬂk_sc Ok (kB’i) (21)
o(kar) + mgk, ° 9(Kgh)

OTKyJda HEMEAJICHHO MTOJIy4a€M COOTHOUICHUEC IJIsI DOHEPTETUYECKOI'O CIICKTpa
whence we immediately obtain the relation for the energy spectrum of electrons in a spherical quantum dot:

aln[jl (kArl)i| :ﬁaln |:KI (kB’i)] (22)
o(kan) o (kgh) ’
where
5o mg (U —E)
mE
Kopuu En, ypaBrenus (22) npu 3aganHoM | MoxxHO mpoHymepoBats uuciom N = 0,1 ,2 ..., paBHBIM YHCIy Y3JIOB

panuaibHON QYHKIMN fN (I’) MHucio | onpenenser noseaeHune paguaibHOi yHKIUK BOIU3H Havaia KOOPAUHAT:
The roots En, of equation (22) for a given | can be numbered by the number n =0,1,2,... , equal to the number of nodes of
the radial function f,, (). The number I determines the behavior of the radial function near the origin: f, (r) = f{"(r)ecr'.

In conclusion, we only note that as the radius of a size-quantized filament with a finite potential barrier height Uo

increases, the number of size-quantized levels in it increases. However, it should be noted that the level with the minimum energy
corresponding to n=0, I=0, does not disappear even in the limitc r — 0. Then for X[J 1using the following relations of the Bessel
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oJ oK
and MacDonald functions J, (X) =1, K,(x)~0.116—Inx, & ~—0.5x, g—(x) ~ X" [21] itis easy to obtain an
X

OX
expression for the minimum value of the energy spectrum of a semiconductors filament with a finite potential barrier height U 0
h? 2h?
Eoo *U, —0.63——exp| ———— (23)
Y mB rl mB r-l UO

It can be seen from the latter, that in the semiconductor filament, where condition K,I;, kg1, ({1 is satisfied, there is at
least one size-quantized level, the value of which is exponentially small relative to the height of the potential barrier.
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