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ABSTRACT 

 The main objetive of this work was to experimentally study the Flow dynamics of viscoelastic fluids (Boger fluid and 

Hase) when they flow through a contraction/expansion system defined by a hyperbolic tube, therefore through equations 

analogous to the Hagen-Poiseuille equation, the pressure drop associated with the viscous interaction was quantified, 

and subsequently the excess pressure drop (EPD), a parameter associated with the elasticity of viscoelastic fluids, 

conducting comparative studies with respect to a Newtonian reference for the same shear viscosity value, which allowed 

observing shear speed intervals where three predominant zones were observed. The first of them of shear type coinciding 

with the trajectories of the Newtonian fluid of identical viscosity value, the second zone was attributed to the elastic 

manifestation of the fluids due to the preferential development of the extensional flow that is in constant competition 

with the shear flow within of the same geometry. The third zone was attributed to a predominance of the shear flow over 

the extensional one, because of to the fact that the hyperbolic geometry favors the development of this type of flow at high 

values of shear rate 

KEYWORDS: Excess pressure drop; Extensional flow; Hyperbolic contractions 

 

BACKGROUND 
The first studies of flows in contraction with 

viscoelastic fluids can be considered to have been 
carried out by Cable & Boger (1978) analyzing the 
flow through axisymmetric contractions at different 
contraction ratios with two fluids: the first based on 
glucose and polyacrylamide, and the second a 
polyisobutene / polybutene mixture. Their results 
showed that the flow conditions in the contraction were 
mainly due to the rheological characteristics of the 
fluid, with all the information obtained they carried out 
specific velocity studies along the radial axis in the 
vicinity of the contraction, with 2: 1 and 4: 1 ratios 

using polyacrylamide solutions where they observed a 
deceleration in the central line of flow  of which had no 
explanation until that moment 

The presence of extensional flow which gave 
rise to a uniaxial extensional viscosity, was responsible 
for this unknown behavior causing different responses 
in viscoelastic fluids for the same contraction and shear 
rate, meant an advance in the understanding of the 
dynamics flow in a contracting system. 

Cable and Boger defined two main zones: the 
vortex growth regime and the divergent regime; with 
the which the presence of a shear flow and an 
extensional flow was reflected early as well as the 
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participation of both phenomena in the flow dynamics. 
In a later analysis (Boger, 1987), he attributed the 
change in flow conditions to an uneven development of 
extensional viscosity, to the same contraction ratio. 
Nguyen and Boger (1979) indirectly showed the 
presence of a shear flow in the contraction. 

Binding (1991) in his proposal of flow 
dynamics, considered two aspects: the dominant flowin 
the fluid when passing through the contraction, and the 
elastic effect of the solution, fromthe first difference of 
normal stress. For this he proposed two mechanisms: a 
quasi-radial flow present at low values of shear rate, it 
considers that the flow has a radial contribution, in 
addition to that carried in the axial direction, which has 
its origin in the elastic nature of the fluid developing a 
shear flow even above extensional flow And a funnel 
type flow at high values of shear speed where the 
current lines are oriented towards the interior of the 
contraction, favoring the development of the uniaxial 
extensional flow. These zones correspond to the 
regimes exposed by Cable and Boger. 

Meissner (1985), Coswell (1987), James (1990, 
1991) are the first to expose the use of convergent 
hyperbolic geometries in contracting flows, since they 
comply with areas where the product of the square of 
the radius times the length of the geometry are 
constant. This condition would guarantee the formation 
of an extensional flow free of shear effects.  

The main areas in which the investigations of 
flow in hyperbolic contraction are focused are given in 
the study of planar geometries where the three-
dimensional effects are not considered significant. In 
recent years, expansion-contraction studies have 
focused in addition to sudden axisymmetric contraction 
towards other types of geometry such as hyperbolic in 
order to find the differences caused by the geometry on 
the flow dynamics. Works such as those presented by 
Oliveira (2006) , Campo (2011) , Ober (2013) and 
collaborators deal with planar hyperbolic contraction 
zones with different types of viscoelastic fluids 
modeled by different constitutive equations (PTT / 
Carreau); These are performed on a micrometric scale 
and their results are restricted to small flow ranges and 
shear rate. 

Tabatabaei (2015) studied the flow of micellar 
fluids in an axisymmetric hyperbolic 
contraction/expansion in a numerical way, using the 
finite volume method; while Nyström (2016) makes a 
numerical / experimental comparison of a Newtonian 
fluid and a Boger fluid on a millimeter scale, finding 
great similarities between their results. The 
characteristic radial function with which the contraction 
zone is defined takes on special relevance since it is an 
indicator of the fluid-wall interaction generated, being 

greater compared to a sudden contraction of similar 
dimensions. 

Many of the previous studies lead to the 
conclusion that the viscous effects due to shear arethe 
main contribution in the total pressure drop generated 
by these systems, therefore any additional effect is seen 
as a result of the elastic and extensional response by 
fluid. There have been many authors who, through 
numerous models and constitutive equations 
(James(1991), Rajagopalan (2000), Feigl (2003), 
Pandey (2007), Sousa (2010-2011)), who have 
proposed decoupling the effects viscosity of the 
extensionals, to determine the values associated only 
with the extension, such as the extensional viscosity of 
an inhomogeneous flow field, with acceptable results, 
but restricted to very low extension speed values, given 
that most of the devices The proposed experiments are 
carried out at the micro and nanometric scales. 
However, larger-scale flows represent the cases present 
in a large number of situations both within and outside 
the field of engineering, far from ideal situations. In 
this sense, Binding and Walters (1988) have 
spearheaded the idea that generating a purely 
extensional flow is practically impossible. 

Despite this situation, there are still many 
proposals in order to decouple flows with a high 
extensional component from their shear part and thus 
be able to interpret the data in a way that can capture 
the extensional component adequately and accurately, 
defining the speed of deformation and extensional 
viscosity. These statements have been debated and 
controversial by the scientific community of the field, 
given their importance and the expectation of being 
able to make semi-quantitative predictions. 
 

HYPERBOLIC CONTRACTION 
EXPANSION  

The hyperbolic contraction/expansion geometry, 
despite its simplicity, shows a great variety of flow 
paths that depend from the rheology of the fluid used 
and the type of hyperbolic path studied or even if the 
geometry is rectangular or cylindrical. Like 
axisymmetric and square geometry during flow 
development, competition occurs spontaneously 
between the shear flow that manifests itself in the 
vicinity of the contraction walls and the uniaxial 
extensional flow that develops mainly on the central 
line. 

When the fluid enters the geometry, it imposes 
flow conditions that cause very different fluid 
responses depending of the rheology of the fluid, for 
example if the experiment is carried out at constant 
flow, as the flow develops, the fluid experiences a 
differential acceleration through a length differential, 
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due to the reduction in area, this condition is 
maintained until reaching the smallest area of the 
geometry which is just in the middle part to start the 
phenomenon again in the direction inverse, that is a 
expansion process. 

Since of the rheological point of view, the fluid 
exposed to a hyperbolic contraction-expansion, in its 
contraction stage experiences an increase in its shear 
rate also  differentially, if the fluid is Newtonian in 
nature its response will be exclusively of viscous origin 
which will develop along the walls of the contraction, 
however since the area differentially decreases the 
viscous response of the fluid will decrease to become 
more and more in a inertial response which will have 
its greatest presence right in the center of the 
contraction , this effect has been visually registered by 
observing vortices of non-elastic origin in the vicinity 
of the median plane of contraction, as reported be 
Campo Deaño 2013 

If it is a viscoelastic fluid of constant viscosity 
such as Boger fluid, the competition between the 
viscous response from the strong development of the 
shear flow in relation to the response of inertial origin 
is very uneven unless the inertial forces develop due to 
the provision of high flows which will generate high 
speeds. what is preferentially presented is the 
development of high extensional stresses in the vicinity 
of the central line of the contraction that favor the 
development of the extensional flow, which is now 
strongly favored because this geometry directs the 
streamlines towards the central line just up to half the 
geometry. 

Undoubtedly, now the competition between the 
development of the uniaxial extensional flow and the 
shear flow is important to understand the flow 
dynamics, in particular for a Boger fluid since its 
viscosity associated with the shear flow will remain 
constant at any value of shear rate imposed on the 
system but not its viscosity associated with the 
development of extensional flow of an elastic nature 
which will inevitably increase as the flow in the system 
increases. 

In addition to this competence and keeping in 
mind the study of flow dynamics, the presence of the 
first normal stresses from the development of the shear 
flow in this geometry is important, since as it has been 
studied in previous contractions, their presence is 
decisive in the dynamics flow especially at the 
beginning of experimentation at low shear rate values. 

If it is a study of the flow dynamics of a 
viscoelastic but thinning fluid, its response to flow now 
involves one more effect in relation to the response of a 
Boger fluid, The thinning nature will cause a decrease 
in viscosity in a differential way as the shear rate   is 

increased along the geometry, this condition 
substantially reduces the presence of the shear flow, 
allowing a greater development of the extensional flow, 
However, the presence of N1 in shear does not change 
due to the fact that the viscosity of the fluid decreases, 
hence in this study two types of competencies will be 
presented: at low values of shear rate, the development 
of extensional flow competes so much with the 
development of the shear flow even with a high 
viscosity value together with its elastic manifestation 
corresponding to the first difference of normal stresses  

At relatively high values, the competition 
between opposite effects, the competition will be 
between a very intense extensional flow with a very 
decreased shear flow where the viscosity of the fluid 
will reach values as low as that of the solvent, however 
with an elastic response associated with the shear very 
intense whose shear stresses will be in magnitude very 
similar or even greater than the extensional stresses 
developed on the center line. 

Once the fluid crosses the middle part of the 
geometry, the high competition between both flows 
relaxes in the case of a Boger fluid, the extensional 
flow relaxes and therefore its viscosity while its shear 
viscosity will still remain constant, for the case of the 
elastic and thinner fluid such as HASE the shear 
viscosity gradually recovers as the fluid completes its 
path through the geometry, while the viscosity 
associated with the extensional flow will decrease due 
to the relaxation of the fluid and the increase in shear 
viscosity. 

Against this background, the experimental 
capture of the competition between both flows in both 
the convergent and divergent sections of the geometry 
is important in understanding the flow dynamics of 
complex fluids in hyperbolic contractions-expansions. 
 

THEORETICAL FRAMEWORK 
Pressure Drop Through a Hyperbolic Tube 

One of the main challenges in the study of 
hyperbolic contractions is to find an analytical 
expression that describes the pressure drop through 
tubes with this type of geometry. Sochi (2010), 
proposed a method to calculate the pressure drop of a 
Newtonian fluid in tubes of non-constant radio in an 
analytical way, from the Hagen-Poiseuille Equation, 
and with it applying all the considerations associated 
with obtaining it. (Bird, 1960). 

The pressure drop experienced by a Newtonian 
fluid flowing through a straight tube of radius r along a 
distance L is calculated using the Hagen-Poiseuille  
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In this work  the hyperbolic function with a radial function proposed by Tabatabaei (2015) will be used 
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Substituting Eq. 3 in Eq. 2 and later integrating  
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which corresponds to the pressure drop of a Newtonian 
fluid through a hyperbolic geometry. 

Pressure drop measurements are not made 
directly at the inlet or outlet of the hyperbolic 
geometry, so the reading is not affected by inlet effects 
as well as nearby vortex formation. 

To minimize these effects, straight tube sections 
are considered in the areas immediate to the entrance 
and exit of the hyperbolic geometry as shown in Fig.1 
from which the measurement sensors are located  (the 
radius of these straight sections must correspond to the 
maximum radius of the contraction /expansion 
hyperbolic). 
 

Excess Pressure Drop (EPD) 
The total pressure drop for a Newtonian fluid 

estimated experimentally as shown in Fig.no.1 does not 
correspond exactly to the sum of the individual 
pressure drops, for this it is necessary to incorporate the 
known excess pressure drop (EPD) that corresponds to 
the difficulty experienced by the fluid at the entrance of 
the contraction for the case of a Newtonian fluid has 
been addressed by Sampson for the case of 
axisymmetric geometries (   ), however for hyperbolic 
geometries for Newtonian and non-Newtonian fluids its 
expression is still unknown by which must be estimated 
experimentally. 
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Fig. no.1 Partial and total pressure drops through a hyperbolic 

contraction /expansion system 

 

 
For the estimate of the total experimental 

pressure drop to coincide with the sum of the partial 
pressure drops illustrated in Fig. 1, it is necessary to 
consider the excess pressure drop 

 

                                 1 2Total C eP P P P P                                                               (5) 

 
The excess pressure drop has a different interpretation 
depending on the type of the fluid, for a Newtonian 
fluid, the EPD represents the resistance to flow of 
viscous origin that the fluid experiences at the entrance 
of the contraction, while for a viscoelastic fluid it is 

considered as that flow condition that promotes the 
development of extensional flow within the contraction 
(Cogswell, 1978), This term is usually obtained 
indirectly, from experimental total pressure drop 
readings of the system  
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Experimental determination of extensional 
viscosity 
      As stated above, much research is focused on 
finding new techniques and devices for the 
determination of extensional viscosity. The main 
difficulty lies in obtaining and generating conditions 
that promote the formation of a purely extensional flow 
with constant extensional rate (Trejo, 2013). 
Contraction and / or contraction / expansion flow 
systems have been proposed by many researchers as a 
way to accomplish this goal, given their relative 
simplicity and being able to calculate this quantity in 
terms of simpler variables such as pressure drop, 
volumetric flow, and other material and / or geometric 
parameters 

One of the main examples to expose the 
difficulty of obtaining the extensional viscosity is the 

so-called M1 project, where through various techniques 
and methodologies, they determined the value of the 
extensional viscosity of a standard polymeric solution, 
called M1. (Petrie, 2006). There are many 
discrepancies in the experimental values of extensional 
viscosity. This is a trend that continues even in more 
recent similar techniques. The determination of the 

quantity zz rr   has been one of the main topics in 

studies on the subject. The proposals for the 
determination of extensional viscosity in contracting 
systems have been diverse, such as the experimental 
measurement of the total pressure between the inlet and 
outlet of a hyperbolic contraction, in addition to the 

extension rate ε   and the Hencky extension h  ( Feigl 

Et Al, 2003) 
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Alternatively, the value of the first normal stress 

difference N1 is also proposed as a parameter to obtain 
it; an example of this is the work of Nystorm. (2016). 
The differences in the value of extensional viscosity 
between researchers are not few: Ober (2013) and 
Wang (2011) obtain extremely high extensional 
viscosity values when compared with the shear 
viscosities of the study fluids, giving rise to high 
Trouton ratios, while Anna (2000) and James (1991) 
show extensional viscosities in their work that meet the 
Trouton relationship at low flows. 

One of the main reasons to explain this disparity 
between results and magnitudes of extensional 
viscosity in different experiments lies in the magnitude 
of the extension speed, which is usually very low with 
respect to the order of magnitude of the pressure, which 
causes the value of extensional viscosity increases 
exponentially. Alternatives have been proposed, such 
as associating the Hencky extension or the pressure 
coefficient (James & Chandler, 1991) to the calculation 
of the extensional viscosity to correct this effect and 
offer values closer to those of the predicted theoretical 
viscosity. Some of the interpretations presented by 
Ober (2013) to explain the non-fulfillment of the 

Trouton relation in their results mentions that the 
measurements made do not represent an ideal 
homogeneous extensional flow, but rather a dominant 
transient flow in extension, being affected by the 
behaviors rheological fluid, so Quantities such as 
excess pressure drop and extensional viscosity are 
considered a measure of the viscoelastic resistance to 
expansion in mixed flow rather than a pure elastic 
manifestation. 
 

EXPERIMENTAL METHODOLOGY 
Construction of contractions  

The modeling of the hyperbolic 
contraction/expansion zones for different contraction 
ratios was carried out in the free access software 
Blender, respecting the dimensions given by the radial 
function (equation 3). Later they were built by a 3D 
printer (figure 2). The impression material was 
acrylonitrile-butadiene-styrene (ABS).  

Table 1 shows the dimensions of each of the 
contractions studied. 
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Table 1. Dimensions for hyperbolic contractions 

Contraction ratio 
Maximum 

radius [cm] 
Minimum  

radius [cm] 
L=30*Rmin [cm] 

2:1:2 1 0.5 15 
3:1:3 1 0.33333 10 
4:1:4 1 0.25 7.5 
5:1:5 1 0.2 6 

 

 
 

 

 

 

 
 

 

 

 

 
Figure 2. 3D-model and final impressions at different contraction ratios 

(2:1:2, 3:1:3, 4:1:4, 5:1:5 6:1:6) 

 
Rheology of solutions  

Three fluids with different rheological 
properties were prepared, where the proportion of  their 
components guarantees that all of them present the 
same value of shear viscosity16 Pa s at the established 
operating temperature (26 ° C) and whose procedures 
are exposed in greater depth in previous works (Pérez, 
2016; Quezada, 2017). 
Newtonian fluid used as a reference fluid, consists of a 
concentrated solution of 10 liters of glucose in water, 
which were equally separated to use in the preparation 
of Boger fluid. 

To the remaining concentrated glucose solution, 
add a small amount of dilute polyacrylamide solution. 
The addition of this polymer generates a fluid whose 
viscous behavior is like that of a Newtonian fluid, 
while exhibiting elastic properties (Boger fluid). 50 ml 

of a 0.1% by weight solution of polyacrylamide in 
water were prepared. 

Finally, a HASE (hydrophobically modified 
alkali-swellable emulsion) is made up of polymer 
chains that form micellar structures. This structure 
gives it its main rheological properties: at low shear 
rate values, the shear viscosity remains constant, at a 
higher shear rate it begins to show a shear-thinning 
behavior. For the preparation of this fluid, 500 ml of a 
0.1 M solution of neutralizing agent and 2-amino-2-
methyl-1-propanol was used, allowing it to stand at 
room temperature for 24 hours. 5 liters of 2.5% HASE 
solution were prepared, for this Acrisol TT-935 was 
used, slowly adding distilled water, which received 
mechanical stirring for 30 minutes and then left to rest 
for 72 hours. 
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Figure 3. Rheogram for the different fluids for the experimental phase  

at operating temperature (26 ° C) 

 
The shear viscosity values, as well as the elastic 
response of the fluids, were measured an AR-G2 cone  
and plate rheometer from TA Instruments. 
 

RESULTS AND DISCUSSION 
Contraction 2: 1: 2 
Total pressure drop vs shear rate 

At low shear rate values, the three fluids present 
a similar upward trend, characteristic of a shear flow 
(figure 4-a); While the Newtonian fluid follows this 
behavior throughout the entire experimentation range, 
for the two viscoelastic fluids there is a critical shear 
rate (5-6 s-1), where the pressure drop increases 
considerably with respect of the Newtonian fluid. 
increasing the shear rate, the HASE solution present a 
slight decrease, indicating changes in the value of its 
shear viscosity, predicted by its rheological behavior 
(figure 3). 
-Excess pressure drop vs shear rate 

The excess pressure drop (EPD) allows to 
visualize the elastic contribution present in the fluids to 
be analyzed, as they are separated from their shear 

counterpart. The graph in figure 4-b shows how both 
the Boger fluid and the HASE solution do not present 
values close to the Newtonian shear behavior at low 
flows, concluding that even in this range of values 
elasticity develops to a greater or lesser degree, 
(phenomenon not observable in the graph of total 
pressure drop) and it is until the critical shear rate is 
reached that the elastic effect increases dramatically. At 
high shear speed values, the growth of the elastic effect 
is no longer increasing, with trends like those observed 
at low flows: shear flow begins to hinder the 
development of extensional flow. 

In the case of the Boger fluid, the value of the 
EPD presents values below the Newtonian line, 
contradicting what was previously stated regarding the 
development of elasticity at low flows, especially when 
compared with the HASE solution, whose values are 
always above the Newtonian line. The study of 
dimensionless quantities will make it possible to 
visualize the effects associated more clearly. 
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Dimensionless excess pressure drop vs shear rate 
As stated previously, dimensionless EPD 

provides a comparison between the extensional flow 
developed by viscoelastic fluids and the resistance of 
the fluid to flow through the contraction zone. So, any 
value greater than unity is associated with an 
extensional response of elastic origin 

The corresponding graph (figure 4-c) shows 
interesting behaviors that occur in viscoelastic fluids at 
low shear rates. The fluids start with values greater than 
the reference (an indication that there is indeed an 
elastic effect), presenting a decrease to a minimum 
value, and subsequently grow as they approach the 
critical shear rate; This behavior is caused by the 
manifestation of the first difference in normal stresses, 
that is, the effect of the elasticity of the fluid in the 
direction perpendicular to the flow, which hinders the 
total development of the extensional flow in the axial 
direction, and increasing the shear flow effect. 

As flow increases, the elastic effect in the axial 
direction begins to dominate over the elastic effect in 
the radial direction and thus the dominance of 
extensional flow. However, upon reaching a maximum 
point, the extensional domain is not maintained, 
decreasing again with increasing shear rate, indicating 
greater resistance to flow. 

There are some particular differences between 
the fluids studied: The values of dimensionless EPD at 
low shear rates are higher in HASE (the elasticity of 
this fluid is usually higher) as well as the maximum 
value generated in the vicinity of the critical shear rate 
(area where there is the maximum extent of the fluid). 
The decrease observed in the zone after the critical 
shear rate in HASE is more noticeable than Boger. 

An explanation for these differences is found in 
the very nature of the HASE solution, since it consists 
of long polar molecular chains, which favor the 
orientation of its molecules with the flow, from a 
certain point, the oriented chains begin to interact 
strongly with each other, increasing the shear flow 
effect. In the case of the Boger fluid, the decrease from 
the maximum point is smaller, since its molecules do 
not tend to interact with each other in the same way as 
HASE, so its decrease is related to a predominance of 
shear flows. 

Analogous to the previous graph, the quotient 
between the excess pressure drop and the pressure drop 
of the hyperbolic geometry (Figure 4-d) directly 

compares the extensional and shear flows present in the 
fluid. The line for Newtonian fluid shows that flow 
experiences a shear flow domain. The variations 
presented by the viscoelastic fluids with respect to the 
Newtonian line will be related to the development of 
the extensional flow. 

The viscoelastic fluids present a behavior like 
that analyzed in the first dimensionless EPD graph, 
observing the effect of the first difference in normal 
stresses of the two fluids. However, the previous graphs 
provide additional information: the shear flow has 
different origins depending on the area being studied: at 
low shear rate the shear effect has an elastic origin, 
carried out in a direction perpendicular to the flow, 
while at higher shear rate, the shear effect is due to the 
viscous interaction of the fluid (both with the tube 
walls and between the fluid elements) increasing its 
resistance to flow. 

In the middle of these two zones, there is a 
relatively small shear rate range (the only one 
observed) where the extensional effect exceeds the 
shear flow. A study focused on the extensional flow 
should focus on analyzing an ranges of shear rate close 
to the critical value. 
 

Extensional viscosity vs extension rate 
The calculated extensional viscosity values 

(figure 10-e) for the two fluids show very high values 
when compared with their respective shear viscosities 
(figure 10-f); although they are consistent in order of 
magnitude to that of studies with similar methodologies 
(Aguayo, 2008; Wang, 2011; Ober, 2013). As occurs in 
the graphs referring to the shear rate, there is a critical 
extension rate (0.06-0.08 1 / s), where the property 
growth grows drastically, which coincides with the area 
of predominance of the extensional flow in the system. 
At extension speeds after the critical zone, a decrease in 
extensional viscosity is observed, consistent with a 
greater influence of the shear flow, being more 
noticeable in HASE, while the Boger fluid exists an 
interval where it remains practically constant. These 
differences are caused by the change in viscosity of 
HASE as the shear effect in the flow increases, 
therefore, as its shear viscosity decreases, the same 
trend is observed for its extensional counterpart 
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FIGURE 4. EXPERIMENTAL RESULTS - CONTRACTION/EXPANSION 2:1:2 

a) TOTAL PRESURE DROP VS SHEAR RATE                                                                         b) EPD VS SHEAR RATE 
 

               c) dimensionless EPD vs shear rate                                                        d) ΔPe /ΔPc vs shear rate 

          e) Extensional viscosity vs extensión rate                   f) Extensional/shear viscosity vs extensional/shear rate 
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As a summary, it is observed that the flow 
dynamics in contraction consists of a coexistence 
between shear and extensional flows, presenting three 
main zones where the presence of one or another type 
of flow is predominant: The first zone has low flows, 
where there is a strong shear domain due to the effect 
of normal flow stresses of elastic origin, hindering 
extensional flow development and increasing the shear 
effect; at a certain critical interval of shear (4-6 s-1) or 
extension rate (0.06-0.08 s-1) the extensional flow is 
the one that dominates the flow dynamics, and where 
extensional viscosity develops dramatically. The last 
zone, the increasing resistance to flow through a 
reduced cross-sectional area (viscous effect), generates 
a highly influential shear flow, gradually diminishing 
the extensional effect developed in the previous zone. 
 

Contraction 3:1:3 
Total pressure drop vs shear rate 

The graph of the total pressure drop (figure 5-a) 
shows a more differentiated behavior between the 
analyzed fluids: The critical shear rate appears at a 
lower value in the HASE solution (12-13 1 / s) than the 
Boger fluid (20-21 1 / s). Additionally, the pressure 
drop of the HASE solution descend again towards the 
Newtonian line at high shear rate, opposite case to 
Boger, whose upward trend remains similar to that 
presented in the previous contraction. These differences 
are caused by an increasing distance of the rheological 
properties between both fluids: while Boger maintains 
the same value of shear viscosity, the range of shear 

rate evaluated for the current contraction ratio causes 
the HASE solution to exhibit a decreasing viscosity, 
according to the rheogram presented in figure 3. 
Although the shear viscosity of the HASE solution 
decreases, the extensional effect is still present in the 
flow dynamics. 
-Excess pressure drop vs shear rate 

For the current case (figure 5-b), an approaching 
of the EPD values of the HASE solution to the 
Newtonian reference line is observed; while in the case 
of the Boger fluid, the curve under the reference line is 
much clearer, showing an effect of the first difference 
of normal stresses more intense than in the previous 
contraction ratio; both situations indicate the 
development of shear flow effects greater than those 
generated by the contraction ratio 2:1:2; by presenting a 
larger fluid/wall contact surface, such as a smaller 
cross-sectional area (Table 1), developing pressure 
drops greater than that of the previous case observed. 

-Dimensionless excess pressure drop vs shear rate 
The dimensionless EPD makes the development 

of the first normal stress difference more evident at low 
shear rate values (Figure 5-c); where the elastic effect 
in radial direction (greater than that generated by 2: 1: 2 
contraction) gradually increases to the point where the 
extensional effect exceeds it. This behavior shows that, 
as the elasticity develops in the radial direction with 
intensity, the elastic effect in the axial direction must 
develop by an equivalent amount (and even greater) in 
response to the changes in the contraction ratio. 
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FIGURE 5. EXPERIMENTAL RESULTS - CONTRACTION/EXPANSION 3:1:3 

a) Total pressure drop vs shear rate                                                              b) EPD vs shear rate 

c) dimensionless EPD vs shear rate                                          d) ΔPe /ΔPc vs shear rate 

 

 

 

 

 

 

 

 

            e) Extensional viscosity vs extensión rate                   f) Extensional/shear viscosity vs extensional/shear rate 
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Figure 5-d confirms the increase in extensional 
and shear effects. In the particular case of the HASE 
solution, the dimensionless pressure drop values (figure 
5-c and 5-d) are lower than those generated by the 
previous contraction. The growth of the effects of shear 
flow by increasing the contraction ratio, result in 
changes in the value of shear viscosity in this type of 
fluid, so the values represented are no longer 
comparable with respect to the shear viscosity of both 
the Boger fluid as the reference Newtonian (16 Pa s) 
since it flows at a lower shear viscosity. The observed 
extensional effects must be considered as an elastic 
manifestation at these low viscosity conditions, which 
are still of considerable value. This predominance is 
also evident in the Boger fluid, even when the viscosity 
does not decrease in this fluid, with a more abrupt 
decrease being observed after the critical zone. 
 
Extensional viscosity vs extension rate 

The behavior of the extensional viscosity (figure 
5-e) agrees with the three main zones of flow dynamics 
observed both in this contraction relationship and in the 
previous one, the main difference being the drastic 
decrease in the extensional viscosity of the Boger fluid 
a low shear rate, an indication of the increase in shear 
effects, to the point of inhibiting the development of 
extensional flow. From the critical shear rate, a notable 
growth of extensional viscosity is observed at values 
higher than those reached by the 2:1:2 contraction, to 
finally descend to high shear rate. In the case of the 
HASE solution, the maximum value of extensional 
viscosity is lower than that generated in the previous 
contraction and the growth of extensional viscosity is 
not as noticeable, as it refers to a lower shear viscosity. 

In general, the flow interval where there is extensional 
predominance is decreasing; the effect of shear flow 
begins to have a greater influence on the elastic 
extensional flow in the flow dynamics.  
To recapitulate, the decrease in the minimum radius of 
the hyperbolic contraction zone generates changes such 
as to cause an increase in both the extensional and 
shear effects in the flow dynamics. However, the zones 
of shear or extensional dominance, defined in the 
contraction ratio 2:1:2, are valid for the current 
contraction ratio, increasing the degree of competition 
between the different types of flow. 
 

Contraction 4:1:4 
Total pressure drop vs shear rate 

For the current contraction ratio there is a 
considerable increase in the pressure drops generated 
by the Boger fluid geometry, exceeding the 
measurement range of the sensors, generating 
anomalous pressure drops at high flows, so from this 
contraction ratio the number of points evaluated is 
lower than in the cases previously analyzed (figure 6-
a). The initial points of the Boger fluid lie above the 
Newtonian line, so that for this contraction ratio there is 
from the beginning an important elastic contribution to 
the flow generated; on the other hand, the shear effect 
has experienced an important increase, so much so that 
for the HASE solution, there are points below the 
Newtonian line, indicating very low values of shear 
viscosity. The critical shear rate is manifested first in 
the Boger fluid (28-30 s-1), followed by HASE (36-38 
s-1), reverse case of the 3:1:3 contraction. 
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FIGURE 6. EXPERIMENTAL RESULTS - CONTRACTION/EXPANSION 4:1:4 

a) Total pressure drop vs shear rate                                                      b) EPD vs shear rate 

 
                  c) dimensionless EPD vs shear rate                           d) ΔPe /ΔPc vs shear rate 

          e)Extensional viscosity vs extensión rate                       f) Extensional/shear viscosity vs extensional/shear rate 
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Excess pressure drop vs shear rate 
In figure 6-b, the HASE solution is above the 

Newtonian line throughout the experimental range, 
exhibiting very high values, considering that, at the 
evaluated shear speed values, the shear viscosity of this 
fluid is approximately half from its original value 
(figure 3). the extensional dominance zone does not 
manifest itself with the intensity observed in the 
previous contraction ratios, its interval of influence 
wider than the present one. The effect of shear flow 
even begins to hinder the development of extensional 
flow.  

In Boger fluid, the development of elasticity is 
such that the effect of the first normal stress difference 
no longer appears below the Newtonian line, presenting 
a slight decrease before the critical shear rate: The 
elastic effect in axial and radial direction are strong 
enough so that their effects are above the Newtonian 
shear reference. Unfortunately, the operating limit of 
the equipment makes it difficult to determine the 
behavior of the flow beyond this point and whether the 
latest evaluation corresponds to the maximum 
extensional manifestation developed by the flow. 
Dimensionless excess pressure drop vs 
shear rate 

The dimensionless graphs corresponding to this 
contraction ratio show a considerable development of 
elasticity in the flow range studied, and an increasing 
shear effect. For the dimensionless excess pressure 
drop (figure 12-c), all the values obtained for both 
fluids exceed the reference line. It is interesting to note 
the behavior of the line corresponding to the HASE 
solution the initial point shows a maximum 
development of elasticity (even higher than that 
generated by the Boger fluid in all the experimental 
runs analyzed), descending to values near the 
Newtonian reference. The Boger fluid the effect of the 
first normal stress difference in shear occurs in a 
relatively small range of shear rate values; the elastic 
effect in the radial direction is quickly exceeded by that 
extension in the flow direction, although higher than 
the reference values.  

The EPD ratio versus the pressure drop 
generated by the hyperbolic geometry (figure 6-d) 
provides a more explicit way to quantify the degree of 
competition between shear and extensional flow, since 
it considers the variation of the shear viscosity of the 
fluids with the shear rate, and shows the areas of shear 
and extensional predominance not entirely clear in the 
previous graphs. The HASE solution experiences 
obvious competition between extensional and shear 
flows and the areas where one or the other type of flow 
is dominant are clearly recognizable. However, the 

recorded values are lower than those developed by the 
2:1:2 and 3:1:3 contraction ratios. 
Extensional viscosity vs extension rate 

The extensional viscosity values again show a 
downward trend as the contraction ratio increases; the 
extensional flow is increasingly hampered by the 
development of shear flow. Further experimentation is 
necessary to determine whether the maximum point 
present in the case of Boger fluid represents the 
maximum extension developed by the fluid in this 
contraction relationship (Figure 6-e). 

 

Contraction 5:1:5 
Total pressure drop vs shear rate 

For the last contraction ratio to be analyzed in 
this work, which presents the smallest dimensions in 
both length and cross-sectional area, in the case of the 
total pressure drop (figure 13-a), the absence of 
behaviors close to the Newtonian fluid line and, 
therefore, there is no critical shear rate to apply in this 
case. The absence of a critical shear rate is caused by a 
bias in the flow interval caused by the operating 
limitations of the experimental device, which does not 
allow knowing with certainty the flow dynamics zone 
where the exposed values are found.  

The shear effect generated by the geometry is of 
such intensity that it takes the line of the HASE 
solution below the Newtonian line, since under these 
conditions its shear viscosity is much lower. The Boger 
fluid experiences a proportional rise throughout the 
experimentation interval, with behavior like that 
analyzed in the previous contraction ratios at high 
flows (outside the critical zone) 
Excess pressure drop vs shear rate 

For the EPD and dimensionless EPD graphs 
(figures 6-b and 6-c), the development of the 
extensional flow by the two fluids is observed, where 
the curve generated by HASE is smaller than due to the 
shear viscosity changes developed, and where the 
Boger fluid shows an upward trend as the flow 
increases. The location of these values with respect to 
the previously exposed zones of flow dynamics is 
unknown. 
Dimensionless excess pressure drop vs 
shear rate 

When analyzing the dimensionless parameter 

ΔPe/ΔPc (figure 6-d) it shows that, although the 
hyperbolic contraction zone generates extensional 
flows of considerable magnitude, the shear effects 
generated in response are also increased, decreasing the 
extensional effect when increasing the flow. This 
behavior is reflected in the change in trend of the lines 
in figure 5-d with respect to those generated in figures 

6-b and 6-c. The ΔPe/ΔPc ratio represents a more 
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adequate way to represent the competition between 
shear and extensional flows with respect to 
dimensionless quantities used in previous studies. 
 
 
 
 

Viscosidad extensional vs rapidez de 
extensión 

The extensional viscosity (Figure 6-e) decreases 
slowly with increasing flow. It is interesting to observe 
the behavior of the shear and extensional viscosities for 
the fluids Boger and HASE (figure 6-f) have a similar 
trend. 
 

FIGURE 6. EXPERIMENTAL RESULTS - CONTRACTION/EXPANSION 5:1:5 

 

 

 

 

 

 

 

 

a) Total pressure drop vs shear rate                                                   b) EPD vs shear rate 

 

c) dimensionless EPD vs shear rate                                                    d)  ΔPe/ΔPc vs shear rate 
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 e) Extensional viscosity vs extensión rate               f) Extensional/shear viscosity vs extensional/shear rate 

CONCLUSIONS 
The Hagen-Poiseuille type theoretical 

expression in a system in hyperbolic 
contraction/expansion predicted with great precision 
the value of the pressure drop (especially at low flows, 
where no additional effects are present), in the same 
way, the value of the Excess pressure drop (EPD), 
represented the elastic component of the analyzed 
fluids, which allowed us to recognize the competition 
between the extensional and shear flow. 

For low contraction ratios (such as 2:1:2 and 
3:1:3) there was a flow dynamics defined by three main 
zones:  

at low flows, there is a predominance of shear 
flow, due to the development of an elastic response in 
radial direction by the fluids. The effect of the first 
difference of normal stresses in shear becomes evident, 
appearing more clearly than in the case of sudden 
axisymmetric geometries.  

The second zone extends from the critical shear 
rate, where the extensional flow occurs with greater 
intensity (which is also expressed in the pressure drop), 
up to a maximum point, related to the maximum 
extension of the fluid element. this zone tends to 
decrease as the contraction ratio increases.  

The last zone once again presents characteristics 
mainly of shear flow, related to the interactions of the 
fluid with the walls of the contraction. The shear effect 
on the flow causes changes in the viscosity in the 
specific case of the HASE solution, where this 
behavior, beyond being caused by the competition 
initially posed between the extensional and shear flows, 
is considered a direct consequence of the shear flow. 

For the large contraction ratios (4:1:4 and 5:1:5), 
the operating limitations of the equipment prevented 
the previously exposed areas from being fully 

observed, restricting themselves to limited sections of 
them. A proportional trend is observed when increasing 
the contraction ratio of the extensional and shear 
effects, where the latter are those that impose their 
characteristics on the flow. 

The extensional viscosity values obtained were 
of an order like those reported in the literature, and 
their behavior faithfully represents the ranges of flow 
dynamics previously exposed, increasing the value of 
this property drastically in the extensional zone. 

Some of the main future achievements of this 
work lie in the extension of the equipment's operating 
interval, which will allow the flow dynamics to be 
analyzed with greater accuracy in high contraction 
ratios, as well as to analyze experimental cases outside 
the steady state (as can be the pulsatile flow), and to be 
able to approach real flow situations. 
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SYMBOLOGY 
                      Strain rate tensor (vector notation) 

                     Diameter before contraction 

                     Diameter after contraction 
L                     Tube length 

                     First difference of normal stresses  
Q                     Volumetric flow 

                  Radius maximum before contraction 

                  Radio minimum after contraction 

                     Stress tensor (vector notation) 

                  Sensor voltages 

                   Vorticity (vector notation) 

 ̇                    Shear rate 

                   Pressure drop 

                  Total pressure drop 

                   Pressure drop in contraction zone 

                  Excess pressure drop (EPD) 

                  Velocity gradient 

 ̇                   extension rate 

                   Hencky’s extension 

                   Shear viscosity 

                  Extensional viscosity 

                  Newtonian shear viscosity 

              Normal components of the stress tensor 
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